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Abstract. We introduce a generic certificate format for verifying live-
ness properties in hardware model checking. The format relies purely on
propositional predicates and does not involve explicit counters. Our cer-
tificates can be efficiently validated using a fixed number of SAT checks.
The proposed format is compatible with state-of-the-art liveness checking
algorithms. We present certificate generation for several representative
techniques, including rLive, liveness-to-safety reduction, and k-liveness,
as well as for a preprocessing method based on stabilizing constraint ex-
traction. Experimental results on benchmarks from the Hardware Model
Checking Competition demonstrate that our approach is practically ef-
fective with very low certification overhead, and our certificate checker
successfully validated all generated certificates.

1 Introduction

In hardware verification, formal properties are traditionally classified as either
safety or liveness properties. A safety property asserts that the system must
never reach a designated bad state, whereas a liveness property requires that a
certain desirable event eventually occurs. Equivalently, liveness checking ensures
that no bad cycle, i.e., a recurring sequence of states violating progress, can be
reached. While verifying safety properties is generally more straightforward and
conceptually easier, proving liveness for hardware implementations is essential
in many industrial verification projects [31, 32].

Substantial progress has recently been made in certifying safety properties
for hardware model checking [21], and safety certificates are now mandatory in
the Hardware Model Checking Competition (HWMCC). In this setting, model
checkers produce machine-checkable proofs of correctness, which are then inde-
pendently validated by a separate checker, significantly improving the reliability
and trustworthiness of the model checkers. In contrast, certification of liveness
properties remains comparatively underdeveloped. In particular, a generic cer-
tificate format suitable for use in the liveness track of the HWMCC has yet to
be developed. The main difficulty in establishing a generic proof format is due to
the broad range of algorithms involved, such as k-liveness [13], liveness-to-safety
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(L2S) [4], and more recent approaches like rLive [46], combined with the fact that
preprocessing and model transformations further complicate proof generation.

In this paper, we address this challenge by proposing a certificate format for
bit-level liveness model checking. The certificate takes the form of a circuit (in the
same format as the model itself), which can be considered as a generalization of
inductive invariants and ranking functions. Certificate checking reduces to a fixed
number of simple SAT checks, making validation straightforward and efficient.
We formally prove the soundness of this certificate definition. We further show
how such proof certificates can be generated from several representative liveness-
checking algorithms by adding bookkeeping to the model checkers.

Our contribution is summarized as follows. We present the first certificate
format for liveness model checking that is generic enough to cover state-of-the-
art liveness checking algorithms including k-liveness, liveness-to-safety reduc-
tion, rLive, and stabilizer extraction. We present certificate generation for each
of these algorithms according to our defined format. We implemented a pro-
totype model checker that supports all approaches described above, together
with a standalone certificate checker. Using benchmarks from the Hardware
Model Checking Competition (HWMCC), we experimentally demonstrate that
our certification approach is efficient and practical with very low overhead, at
only a small fraction of the overall model checking time. We further compare
our approach against other certification methods and show that our technique
significantly outperforms them by an order of magnitude.

2 Related Work

Hardware verification relies on symbolic model checking of Linear Temporal
Logic (LTL) specifications, which can be expressed as compositions of safety
and liveness properties [2,30]. Popular liveness checking approaches include k-
liveness [13, 29], liveness-to-safety (L2S) [4], FAIR [11] based on strongly con-
nected components, k-FAIR, which combines k-liveness and FAIR, and the more
recent rLive [46]. All of these reduce liveness verification to invariant checking
in some form and thus leverage SAT-based safety engines such as IC3 [9].

The idea of certifying model checkers was first introduced in [35], although
no implementation was provided. A different line of work [17,43] focuses on
implementing fully verified model checkers within a theorem prover, an approach
that typically requires a tremendous engineering effort and does not scale to the
performance of state-of-the-art solvers.

In previous work [20,21,47,48], we proposed a generic certification framework
for safety properties, which has been adopted by the HWMCC in 2024. This
paper extends that framework to liveness properties.

Certification of LTL properties, including liveness, has previously been stud-
ied in [26]. Their approach supports k-liveness and stabilizer extraction, works on
arbitrary symbolic transition systems, and can handle arbitrary LTL properties.
It is based on a deductive proof system with dedicated rules for each model-
checking and preprocessing technique. The model checker encodes its reasoning
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as a sequence of SMT formulas, each representing a proof step. To check a cer-
tificate, an SMT solver directly verifies the unsatisfiability of these formulas.
The model checker is thus trusted to faithfully encode the proof, as the checking
process considers neither the original model nor the rules of the proof system.

The certificate checker of [42] extends the approach by building on the the-
orem prover PVS and its integration with the SMT solver Yices. In [41], the
authors add support for rLive certification; however, their approach does not
generalize to L2S or preprocessing for liveness checking.

Ranking functions, originally introduced in the context of program termina-
tion [15,18], have since been generalized to serve as certificates for liveness prop-
erties [1,14]. They have been extensively studied in software model checking [16]
and program analysis under a wide range of formulations [10,28,37,38,44], and
have also been applied to solving parity games [27]. Complementary approaches
rely on a variant of liveness-to-safety transformations [31,36] for infinite systems.

Related proof certificates have further been used to reason about the transi-
tive closure of transition systems [34,39]. More recently, machine-learning-based
techniques have been proposed to generate liveness certificates in the form of
neural networks [23,24], with a particular focus on word-level designs.

3 Problem Formulation

We assume standard semantics and syntax of propositional logic. We write B())
to denote the set of all Boolean formulas over variables V. In the following, we
describe our formal model in terms of logical circuits, as a symbolic representa-
tion of state transition systems. The state variables are partitioned into input
variables and state-holding latch variables.

Definition 1. A circuit is a tuple M = (Z,L, R, F,C, P, Q) such that

— T and L are finite ordered sets of Boolean variables referred to as inputs
and latches, respectively. A state s € {0,1}2Y% is a complete valuation of all
variables in T and L.

- R={re |l e L} CBZUL) is a collection of reset functions. For each
latch £ € L, ¢ defines the initial value of £ and may only depend on inputs
and lower-ordered latches under a strict partial order < fized for the circuit,
i.e., g € B(ZUL=Y) for each (.

-~ F=Afe |t e L} CBTUL) is the collection of transition functions f;
defining the next state value for each latch.

— C, P €B(ZUL) denote the environment constraint and the safety signal.

— Qe B((ZUL)?) is the liveness signal, which references two states.

In the above definition, we include properties (safety and liveness signals)
as part of the circuit definition. A circuit may be associated with both safety
and liveness properties, as properties from LTL formulas are typically translated
to the AIGER format [7]. Intuitively, the safety property P is a formula over
Z and £ that must hold in all reachable states. The liveness signal Q refers
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to two states (inputs and latches) explicitly, for ease of certification later. This
representation can be viewed as describing edges of the transition relation; as for
liveness properties, it is natural to reason about progress by considering pairs
of states. We will define the formal semantics for liveness below after explaining
the elements of the circuit definition.

To refer to some set of initial states, we define the reset predicate for a subset
of latches U C L as

RIU = N\ (£ 1e(Z,L)). (1)
teud
Intuitively, this formula expresses that the latch values are equal to their reset
functions. For the full set of reset states of the circuit, we simply write R[L]. The
order < on the latches ensures that R[U] is always satisfiable, meaning there is
at least one valid reset state of the model.

Next, we define the transition predicate. Since a transition relates two con-
secutive states (s, t), we must refer to two copies of the input and latch variables.
We use s to index current-state variables and ¢ to index next-state variables; in
particular, £; denotes the next-state copy of a latch £. The notation

-Fet[u] = /\ (gt <~ f@(Iswcs)) (2)

Leu

allows describing the unrolling of a circuit by only mentioning a subset of latches.
Constraints restrict the set of states to be considered and simplify modeling.

To reduce syntactic clutter, we introduce similar short-form notation for the
rest of the predicates, i.e., Cs, Ps for C(Zs, L) and P(Zs, L), and we similarly
use Qg to denote Q(Zs, Ls,Z;, L). When referencing a sequence of states, we
use the index in the sequence to increase legibility, e.g., C; instead of Cs,.

Fig. 1. Trace violating liveness property.

Next, we consider semantics for liveness properties in the form ¢OJQ [45], such
that on every infinite path, the liveness signal Q@ must eventually hold forever. A
counterexample therefore describes Q evaluating to false infinitely often. Since
we consider finite-state systems, such a counterexample implies the existence of
a lasso-shaped trace with a stem from an initial state to a loop entry where —Q
holds. In Fig. 1, the predicate Qg labels the edge (s — t) because it refers
to two states. This syntactic choice does not affect the semantics. Because we
essentially use Kripke-structure semantics for finite systems, any infinite path
violating a liveness property will have an infinite number of pairs of consecutive
states violating Q. The set of second states of these pairs is finite and therefore
eventually repeats; at that point, we can close the lasso. Thus the standard lasso
argument also translates to our setting.
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Definition 2. If M = (Z,L,R,F,C,P,Q) is a circuit, a trace is an infinite
sequence of states (sg, $1,...) where for all i € N:

— the first state so is a reset state, i.e., Ro[L] holds,
— transitions (8, si+1) follow the transition functions, i.e., F; ;+1[L] holds, and
— all states s; satisfy the environment constraint, i.e., C; holds.

Definition 3 (Safety). A circuit M satisfies its safety property if, for every
trace according to Def. 2 and every i € N, the safety signal P holds in state s;.

Definition 4 (Liveness). A circuit M satisfies its liveness property if, for
every trace according to Def. 2, there exists an index k € N such that for all
i >k, the liveness signal Q holds on each consecutive state pair (s;, Sit1)-

4 Witness Circuits as Liveness Certificates

In this section, we present our certificate format. For safety properties, inductive
invariants are a standard approach to certification. However, directly synthesiz-
ing an inductive invariant has proven to be difficult for certain model check-
ing techniques [33]. The approach was successfully generalized to witness cir-
cuits [47], which share a common subset of inputs and latches with the model.
This allows one to find a circuit that simulates the behavior of the model while
itself being evidently safe by being inductive. We extend this idea by introducing
the ranked property, which is similarly efficient to check and implies liveness.

The following definitions formalize these requirements. The conditions con-
sider up to three states s, t,u in M and W that agree on the shared components,
and can therefore be viewed as assignments to ZU L UZ’ U £’. We again index
Boolean formulas with the state to which they refer.

Definition 5 (Simulation). Circuit W = (Z', L', R',F',C",P', Q') simulates
circuit M = (Z,L, R, F,C, P, Q) if the following hold (with K =LNL'):

— Reset: Rs[KIACs = RLIK]ACL

—  Transition: Fgu[K]ACs ANCy ACL — FLIK]AC,

—  Safety: Cs NCL AP — Py

— Liveness:  Njegsy(Ci NC; APy NFLIL'TA Qfy — Qat

Definition 6 (Inductive). Circuit M = (Z,L,R,F,C, P, Q) is inductive if:

— Base: Rs[L]ACs — Ps
— Induction: Fgt[L]ACs ACt APs — Pt

Definition 7 (Ranked). Circuit M = {(Z,L,R,F,C, P, Q) is ranked if:

— Decrease:  Niesay(Ci ANPi) AN For[L] = Qis
—  Closure: Nie{situ} (Ci APi) AN Fot[L] A Qou = Qi

Definition 8 (Witness circuit). A circuit W is a witness circuit for M if W
simulates M and W is both inductive and ranked.
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Fig. 2. Minimal witness circuit of a two-bit saturating counter. The black edges illus-
trate F, with some not satisfying the liveness signal Q: edges (0 — 1) and (2 — 3). If
the witness does not add too much additional behavior, we can depict it in the same
state space by visualizing Q' as the green edges. Here P = P’ = T, and are not shown;
states violating C or C’ would be omitted from the depiction. The witness is minimal
in the sense that Q' contains the fewest edges possible, which is exactly the reverse
transitive closure of F. To see that the witness is ranked, we can for example inspect
Decrease for transition (1 — 2) and see that indeed Ql2,1 holds. The Liveness condition
is fulfilled as no edge labeled with —=Q coincides with a Q' edge in the same direction.

To check the validity of a witness circuit, each of the eight conditions is
checked by a SAT solver call. If all checks pass, the model satisfies both its
safety and liveness properties. Def. 8 is an extension of the witness circuit format
adopted by the Hardware Model Checking Competition [21] for safety properties,
as setting Q@ and Q' to true trivially satisfies Liveness, Decrease, and Closure.

Before formally proving the soundness of this certificate format, we give an
intuitive explanation of the conditions and what they accomplish. The Reset
and Transition conditions together establish that every trace in the model has
at least one corresponding trace in the witness. To establish a simulation rela-
tion between two circuits we also require that the safety and liveness properties
of these traces correspond to each other. As without the Safety and Liveness
conditions, unrelated circuits (K = ) would simulate each other. Finding a sim-
ulating circuit is still trivial, as a circuit always simulates itself. To be a useful
certificate, we require the safety and liveness of the witness to be obvious. This
is enforced by checking that it is inductive and ranked.

Inductiveness is significantly stronger than safety, as it requires that any
state satisfying P can only transition to other states that also satisfy P. This
condition is enforced even in the unreachable part of the state space.

The ranked condition fulfills a similar role for liveness. We chose the name
to remind readers of ranking functions, often used to prove liveness. Indeed, if a
ranking function is known, Qg can easily be defined as “ranks < rank;”’. How-
ever, our format only uses propositional logic and is more flexible, thus sometimes
admitting certificates where defining a ranking function may be challenging. We
will see such an example in Sec. 5.3, where we discuss liveness-to-safety. Q can
be conceptualized as an additional set of edges in the state space. Fig. 2 shows
such a visualization for our running example of a saturating binary counter
(which counts up to all ones and then remains stuck). With this interpretation,
the ranked conditions ensure that Q contains an over-approximation of the (re-
versed) transitive closure of F. In other words, if a path from s to ¢ exists, Qs
must hold. However, Q itself does not need to be transitive. In algebraic terms,
Q is merely a right ideal with respect to F.

We state our main theorem and proceed to prove it in three parts.
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Theorem 1 (Soundness). If M has a witness circuit, then M is safe and live.

Proof. Assume W = (', L/, R/, F',C’',P', Q) is a witness circuit for M =
(Z,L,R,F,C,P,Q). By Lemmas 1 and 2 below, W is safe and live. It remains
to show that safety and liveness transfer through the simulation relation. Let
S = (s0,51,-..) be a trace in M. We extend each s; to an assignment s} to
ZULUTZ' UL such that 8* = (s, s7,...) is also a trace for W as follows. First,
we assign an arbitrary value (e.g.0) to all inputs in Z'\Z in every state s;. By the
Reset condition, R{[K] A C| already holds. To ensure that the remaining latches
can be assigned so that the reset predicate is satisfied, i.e., R{[L'] holds, we note
that the strict partial order on the reset dependencies of a circuit implies strati-
fication and refer to [20, Lemma 2]. Now, we inductively construct the states s}
for ¢ > 1: given a state s;_; and fixed inputs, the transition functions F’ imply
a unique value for all latches in s}. Thanks to the Transition condition, this
unique value agrees with s; on the latches in K and s} satisfies the environment
constraint C;.

If W is safe, P! holds for ¢ > 0 in any such trace S*. Then P; holds for i > 0
by the Safety condition, and thus M is safe. If W is additionally assumed to be
live, there exists & € N such that Q;,,, holds for all i > k. Since P; and P;,
hold by safety of W, Q; ;41 holds for all ¢ > k by the Liveness condition, thus
M is live. O

Lemma 1. If a circuit is inductive, then it is safe.

Proof. Let M =(Z,L,R,F,C, P, Q) be an inductive circuit. For any trace S =
(s0,81,- - ), the Base condition gives Py. For i > 1, P; follows from P;_; by the
Induction condition. Thus P; holds for all i € N and M is safe. a

Lemma 2. If a safe circuit is ranked, then it is live.

Proof. Let M = (Z,L,R,F,C,P,Q) be a circuit that is safe and ranked; we
show that it is live. We first show that any transition (u,v) that appears more
than once in a trace of M satisfies Q.. Fix a trace and let ¢ < j be such that
s; = s; = u and S;41 = S;41 = v. Since M is safe, P holds everywhere in the
trace. By the Decrease condition, Q; 2,41 holds, and by repeated application
of the Closure condition also Q;13 41, Qita,it1,..., until Q; ;1 holds, which is
just Q... Thus no transition violating Q can appear twice in a trace. Since M
has only finitely many states, every trace has only finitely many liveness signal
violations, and M is live. O

Before describing how to generate certificates, we discuss a limitation of
our approach. Both in practice, where properties are encoded into SAT, and
in theory, where arguments are made over edges in the state space, we require
properties to be uniformly embedded into the model, as is the case in AIGER.
Consequently, the format cannot reason directly about general LTL formulas.

However, the certificate checker can handle liveness properties with multiple
signals, as obtained from direct encodings of generalized Biichi automata. We
omit this generalization here, as it would significantly complicate the presenta-
tion of the model-checking techniques in the following section.
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5 Certificate Generation

To make a convincing argument that the certificate format introduced in Sec. 4
is useful, we present four commonly used [6] symbolic liveness model checking
techniques, describe how to produce certificates for them, and give a proof sketch
on why the constructions will always produce valid certificates. These construc-
tions can thus be straightforwardly implemented by certifying model checkers.
Due to space restrictions, we only include sketches of their correctness proofs.
In practice, the important point is that the verification result is correct if
certificate checking passes. This guarantee comes from Theorem 1 and also holds
if the certificate construction (or its implementation in the model checker) is
flawed. Moreover, all techniques described below and implemented in our model
checker have undergone extensive fuzz-testing using the randomized AIGER test
harness described in [19]. This validates not only the presented constructions,
but also the implementation used for the experimental evaluation in Sec. 6.
The model checking techniques we consider are k-liveness, stabilizer extrac-
tion [13], liveness-to-safety (L2S) [4], and rLive [46]. They have all been de-
veloped for liveness signals that do not use inputs from the next state, i.e.,
Q(Zs, Ls, Iy, L) does not depend on Z;. The use of L, on the other hand, does
not depart from standard practice, since these values can always be computed
from Z; and L in models with transition functions and Kripke-structure seman-
tics, as in the AIGER format used in the Hardware Model Checking Competi-
tion [6]. While we believe they can be extended to models that make use of all
the features in Def. 1, we focus on the commonly used versions of the techniques.
The motivation to include the next state inputs Z; in the definition of Q is to
give model checkers more flexibility when producing witness circuits.
Furthermore, we assume that the model has only a liveness property, i.e.,
P = T. Nevertheless, the liveness techniques that we describe all rely on reduc-
tions to safety checking in some form. Our witness constructions are agnostic to
the particular safety checking technique employed. For ease of presentation, we
may make simplifying assumptions about the produced witness circuits in some
cases. For a detailed reference how to handle more complex witness circuits, and
how to integrate witnesses for additional safety properties, we refer the reader
to [48]. Lastly, all of the techniques can also produce counterexamples when the
liveness property is violated, which we will not consider further in this paper.

5.1 k-liveness

As one of the most commonly used liveness checking techniques, k-liveness [13]
relies on the fact that in a finite system, the liveness signal Q can only be violated
finitely many times if the liveness property ¢1Q holds. The approach proceeds as
follows. First, one checks whether the liveness signal is already a safety property,
i.e., whether (JQ holds. If not, an additional live latch is introduced: a new latch
¢t that is initialized to true and transitions to false whenever Q is violated.
The approach then proceeds by checking the safety property O(¢ Vv Q). If
a counterexample still exists, the construction is iterated. At iteration k, a new
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live latch ¢* is added, whose transition function is defined as
foo = LE AN (P71 Q).

Intuitively, ¢¥ allows up to k violations of Q before permanently disabling itself.
The corresponding safety property

Pk =rFvQ

is then checked. Since the system is finite, the liveness property holds if and only
if the safety check succeeds for some finite k.

S A AN A
)==>1—> 2 —> 3
O OO0

J

k2 1 1 0

Fig. 3. k-liveness witness. States have an additional k, decreasing on transitions vio-
lating liveness signal Q. Every state has Q' edges to states with a smaller or equal k.

Certificate generation. Once the safety check succeeds for some value of k, the
backend safety engine returns a witness circuit W* = (Z/, L', R', F',C',P', T)
for MF = (T, Lk, R¥, F*,C,P*, T), where P* is as described above and £¥, R¥,
and F* only differ from the original model M in the added live latches. Since no
liveness property is provided at this stage (i.e., @ = T), the liveness component
@’ of the witness can be assumed to be trivially true. To obtain a witness W for
the original model M, we extend W* by defining Q' as

k

Ql(Is,EsaItv‘ct) = /\(@%a)v

=1

that is, Q' checks that the live latches set in t are a superset of those set in s.

In the following, we present a proof sketch for the correctness of the certificate
generation described above. We show that if k-liveness model checking succeeds
for M, then the generated witness circuit W simulates M and satisfies both the
inductive and ranked requirements.

Proof sketch (correctness). Since the reset and transition functions of the original
latches remain unchanged in MP*, the Reset and Transition checks pass for M
and W. Safety holds trivially as P=T in M, and the inductive conditions follow
from W* being inductive. Decrease holds because by the definition of f; in F*,
the latches used in Q' only transition from true to false. To see that Closure
holds, let s, ¢, and u be states satisfying the left-hand side of the implication.
Since F[;[L'] is true, Decrease implies Q;,. Combining this with Q/, and using
the fact that Q' expresses a subset relation between the true live latches yields
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i Lastly, for Liveness, assume towards contradiction that some state s and ¢
form a counterexample. As P’ is the same in W and W¥, the Safety condition
for W¥ implies P¥. Since =Qy, E’; must hold and some live latch must flip, i.e.,
for some j € [1, k] we have ¢ A —¢. By definition, this gives =Q’,, contradicting
the assumption. O

Our certificate generation approach also extends directly to variants of k-

liveness where instead of encoding k in unary, a binary counter is used [22,29].

5.2 Stabilizer Extraction

Automatic extraction of stabilizing constraints [13] is a preprocessing technique
in which constraints are extracted from the model and then added as assump-
tions, thereby simplifying the backend model checking task. The extracted sta-
bilizing constraints are in the form ¢UIS. This technique is essential for the per-
formance of k-liveness. The extraction procedure is summarized in Algorithm 1.

Algorithm 1 Extract stabilizing constraints
Input: M =(Z,L, R, F,C,T,Q)

1: B, =T, Candidates = LU {l | £ € L}

2: repeat

3 choose [ € Candidates > note that [ is a literal
4 if F[L]st A Eq ANls — 1, holds then

5: E,=E4N(ls < 1) > add both directions!
6

7
8

Candidates.remove(l)

: until E, reaches a fixpoint
: return M =(Z, L, R, F,C,T,E, — Q)

The intuition for this technique is that for liveness model checking, any finite
prefix of an infinite trace can be disregarded. Given Fg — (5 — £4), in any
execution trace of the model the latch ¢ either eventually becomes true and
remains true (allowing the finite prefix before stabilization to be ignored) or
stays false forever. In both cases, the equivalence ¢; <+ £; holds on the infinite
suffix of the trace. This allows us to add QOO(¢s <> £;) as an assumption to the
model. By iterating over all latch literals (and their negations) and repeating
until fixpoint, we can identify all such stabilizing signals. This, in turn, allows us
to weaken the liveness signal to £, — Q, which is violated less frequently and
can therefore potentially reduce the value of k; for a more detailed proof, we refer
to [13]. Adding such stabilizing constraints to the liveness signal can substantially
improve performance, as illustrated by the running example in Fig. 4.

Certificate generation. Let MPF be the output of Algorithm 1 for model M,
B = (I°...1") be the stabilizing signals for which the equality is added in
line 5, and W¥ be the witness circuit produced by k-liveness for M¥. To get the
witness W for the original model M, we encode a binary comparator over B and,



Liveness Proofs for Hardware Model Checking 11

|
O
|
O

-Q

I®

S0 %1 B2 S3 51 55 %6 SO - T
00001111 L LT
» 00110011 b0 0 1 1
» 01010101 bo 0 1 0 1

Fig. 4. Exponential reduction in liveness violations. The figure on the left considers the
saturating counter from the running example with three bits b2, b1, bo. The transition
predicate F[L]s+ implies b2 — b?. Adding the equality b? <+ b? removes the transition
from s3 to s4 from consideration. Now, b! — b} is also valid, and adding the equality
removes two additional transitions. Finally, the query 2 — b9 is valid, and all transi-
tions except s7 to sy are eliminated. Extracting the stabilizing constraints successively
reduces the number of transitions violating £, — Q from 4, to 2, to 0.

On the right, the witness circuit for two bits is depicted. Here every state has a Q' edge
to any state with a lower or equal value, as the bits of the binary counter are identified
as stabilizing signals in decreasing order of significance.

in case of equality, fall back to Q'F, i.e., to define Q'(Z;, L,,T;,L;) we encode
eq, = (19 < 19) and eq’, = eq';* A (IL <> 1Y); and further dec?, = (19 A 1Y) and
dect, = dec';' v (eqiy P AL A=IY); and finally Q' (T, Lq, It, L) = dec?, V (eq?, A
Q'%). Latches in B that are not present in W¥ are added back together with
their transition and reset functions from M.

To show that the certificate generation is correct, we assume that the k-
liveness backend successfully produces a witness circuit, and show that the sub-
sequently constructed witness circuit WV passes certificate checking w.r.t. M.

Proof sketch (correctness). Assuming that the k-liveness backend produced a
witness circuit for M¥, only the ranked conditions and the Liveness condition
are left to show. First, we show that F'[L']s+ — (eq]}, V dec},) holds: If —eg],
holds, then there exists j € [0,n] such that I} <> [f for all i € [0,5 — 1], and
either =l Al or 14 A =l holds. In the first case decl holds, and the second
case leads to a contradiction: Consider the iteration of Algorithm 1 where the
equality was added to Eq. At this point, E, = A\, _; (IL +» 11), which is satisfied.
Furthermore, F[L£]s; holds by the Transition condition of W or because f, € F
has been reintroduced if ¢ € £’. Then the check in line 4 would have failed for
[ =17, and I would not have been identified as a stabilizing signal. We also use
obvious properties of dec™ and eq™ such as transitivity and (anti-)symmetry.
With this, we can show the Decrease condition, since either decj; holds, or
the condition is reduced to Decrease of W¥. The precondition of Closure implies
eqiVdecy, by F'[L] and eq?, Vdec?, by QL. If eq,, eqit, and thus eq?, hold, the
condition reduces to Closure of W¥, otherwise decy, is implied by transitivity.
Liveness preconditions give Q,, and F., implies Q;, by Decrease. Only eq?, can
satisfy both constraints, and the condition reduces to Liveness of WF. a
Note that in the above proof sketch, we did not use any property of k-liveness
other than that it produces a witness circuit for M¥. Thus, the stabilizer extrac-
tion technique can be combined with any certifying liveness checking technique.
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5.3 Liveness-to-Safety

The liveness-to-safety [4,40] approach reduces the liveness checking problem
of M to a single safety check of M?5. It works by creating a copy (L£°) of
the latches, which are initialized the same as their original counterpart and
remain unchanged except when a new input ¢¢ is true. Whenever ¢ is true,
the value of the original latches is copied into L£¢. The new safety property is
PL2S = (FulL] — Qu)[L: — L°], where we use ¢[w] to denote the formula
obtained from ¢ by replacing each literal in the domain of w by its image under
w. PY2S expresses that if we are in a state s from which we would transition
to the state stored in the copy latches L£¢, then the liveness property Q must
hold between s and that stored state. The intuition behind this transformation
is that if a trace with infinitely many liveness violations exists in the original
circuit, one violating edge has to be visited infinitely often (as the number of
states is finite). Therefore, a trace exists in ME28 where —=Qy, is encountered; i€
turns on in the next step, L€ stores t on transition; and the trace loops through
the state space until ~Q,; is encountered again, resulting in a violation of P25,

cy (
79\/7[0\\&
/7,\ \1\ — |
\(),fQ\41 AA 9 AN 3 Q;><

Q) OO A 27
P2 = {(0, 1), (0,3),(1,3),(2,3)} E

-«

-~
—r

|

0«

Fig. 5. Liveness-to-safety witness circuits. The L2S safety property fails if state s is
encountered with state ¢ stored, where =Qs; holds. With the notation (£, L), the two
bad states in M2 are: (0,1) and (2,3). The invariant P25 must at least exclude
those states and all recursive predecessors to be inductive. Reinterpreting those pairs
as edges in M, Q' is defined exactly as what is left in P25, The figure lists =P8,
i.e., exactly the edges excluded from Q’.

The second example on the right demonstrates why P’ is necessary in addition to Q’.
Without P’, the witness would not pass the Liveness condition.

Certificate generation. After transformation, the model given to the backend
safety engine is M2 = (T U {i¢}, LU LS, R U RS, F U F¢,C,PY?5 T), where
PL28 is as described above, F¢ implements the copy behavior for the new latches,
and R initializes the added latches to the value of their original counterpart.
For simplicity of presentation, we assume that if M523 is safe, witness WS =
(7', L', R, F,C', P8 T) is produced by IC3 [9] or similar techniques that
strengthen the invariant without changing the set of latches. All primed symbols
used below, except the newly defined P’ and Q’, refer to components inherited
from W25, Before describing the witness construction, we provide an intuition
for the invariant P25, First note that an MY2S_state consists of inputs and
two M-states. Slightly abusing notation, below we will talk about tuples (s, t)
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of two M-states being an M25 state, where the first component s corresponds
to the current state stored in £ and the second component ¢ corresponds to the
state stored in £°. We will do the same for W"?S_states.

Now, whenever there is a transition from s to ¢ in the original model M, in
MPE28 | the same transition could happen with s being stored immediately, i.e.,
there is a transition from (s,*) to (t,s). The Induction check then guarantees
that (¢,s) must satisfy P25 Similarly, if there are transitions from u to s and
from s to t in M, there are transitions from (u,*) to (s,u) to (t,u) in M%?S
and hence also (¢, u) must satisfy p'L2S, Continuing this line of reasoning, we see
that (¢,z) must satisfy P'L28 for any x that can reach ¢ in M. In other words,
P’ is true for a set of M"2S_states (¢,z) that includes at least all tuples (¢,z)
such that x can reach ¢ (in M). The Safety check will then ensure that if there
is a path from x to ¢t and a transition from ¢ to z, then Q;, must hold, i.e., that
if there is a loop, then the involved edges are not liveness violations.

The witness construction builds heavily on the above intuition: since p'L2s
is true for all (¢,2z) where = can reach t and the crucial property of Q" is that
it should contain the transitive closure of the transition relation, we can simply
take Q' to be equal to P25 modulo some renaming (since P'L2S ig defined over
L and £¢ whereas Q' is defined over two copies of the latches £/ and £}):

Q =PBL L, L L)),

To obtain P’, we instead use £ and F’ to replace £¢ and £, which corre-
sponds to storing the current state at every step:

P =PMSL F, L0 L),

With that, W = (Z', L\ L5, R' \ R, F' \ F¢,C',P’, Q') is a witness for the
original model M. In practice, the substitution operations above are easy to
implement and only require a linear scan over the AND-gates.

In the following, we show that if the L2S model checking passes for M, then
as described above W satisfies the witness conditions.

Proof sketch (correctness). We assume the liveness property holds in M. Since
only inputs and latches added by the L2S transformation are removed, and
resets and transitions remain unchanged, the Reset and Transition conditions
hold immediately. Any three consecutive states s,t,u in M induce M5 states
(t,s) and (u,t), where the first component is the assignment to £ and the second
component is the assignment to £¢. They satisfy the transition function with ¢
set to T. With this, p'Les implies P’ and the Base and Induction conditions
follow. P’ restricts the considered states exactly to those where the Decrease
condition holds, rendering the check trivial. For Closure, a similar argument
applies: consider three states s,t,u where s and t are consecutive in M; then
(s,u) and (t,u) are consecutive in M"?S for ¢ = 1. With this and P'"?S being
inductive, Q}, follows. Lastly, for Liveness, we expand the definition of Q’, twice
to get Fgt[L] — Qst. By the Transition condition and the fact that no latches
have been removed, F.,[£'] implies Fy;[£] and thus Q. 0
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For more complex witness circuits which add and remove latches and modify
their behavior, the construction needs to extend the above substitutions to all
functions, including reset, transition, and constraint. In practical circuit repre-
sentations, this is automatically done since usually only one and-inverter graph
represents all functions. Furthermore, the added latches may be removed only if
no remaining function refers to them after these substitutions have been applied.

5.4 rLive

The rLive algorithm [46] is a recent technique that has been shown to be effective
in practice. So far it has been exclusively implemented in the model checker
nuXmv [12], which won the liveness track of the last HWMCC [6].

It constructs a depth-first search tree of states that can violate the live-
ness signal. The edges between them represent finite paths in the model. To
expand a node s, the algorithm performs a safety check with Q as the safety
property, starting from the symbolic initial state ¢ satisfying Fg A = Q. If the
safety-checking problem is unsafe (SAT), a state w is returned. If © matches any
state already in the tree, an infinite counterexample for the liveness property
is identified, otherwise u is added to the search tree and expanded next. If the
safety-checking problem is UNSAT, the safety engine generates a witness circuit,
which identifies a set of states that cannot violate the liveness signal further. This
set of states (called a shoal) is removed from consideration for any future query
by adding its negation to the model’s constraint. This automatically closes the
branch and the search backtracks. The algorithm terminates once it establishes
that the set of initial states is contained within a shoal, thereby proving that no
execution of the original model can violate the liveness property.

Fig. 6. rLive witness. The shoals P'*, P2, P"® are depicted as sets of states. At the
time when P’? is found, state 3 is not considered as part of the state space. Similarly,
states 1 and 2 are not considered when constructing P’3. The monotone shoal indicators
m!', m?, m® identify the lowest indexed shoal that a state is contained in, and Q%; holds

if that index is greater or equal in ¢ compared to s.

Certificate generation. We consider the sequence of witness circuits produced by
the safety engine. The witnesses are combined by union over the parts that are
shared with the model, tagged union (i.e., renaming of inputs and latches) for the
parts unique to the witnesses, and conjunction of the constraints, resulting in a
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single circuit with Z’, L', R/, F',C'. Let S = (P], ..., P},) be the shoals described
by the witnesses in the order they are found.

Since all reachable states are eventually contained in at least one shoal, the
disjunction of all shoals covers all reachable states, and we use P’ = \/|_, P}
in the final witness W. To define Q’, we first encode monotone indicators that

capture whether a state belongs to shoal i or to any shoal with a lower index:
m® = 1 and m® = m*~1 v P’ Finally, W = (7', L', R', F',C',P', Q'), with

n
= /\(mft — m).

i=1

Proof sketch (correctness). We assume that rLive model checking passes. Again,
the reset and transition functions of the original latches remain unchanged, and
therefore the Reset and Transition conditions hold. The algorithm terminates
only once the reset states are contained in a shoal, implying the Base condition.
For Induction, we rely on the inductiveness of each individual shoal; however,
they are only inductive with respect to the state space where all previously found
shoals are already removed by the constraint. This means a transition can leave
a shoal if it enters a shoal with a smaller index, and may also be in multiple
shoals at once. Either way, the disjunction P’ is still inductive. By the same
argument, Decrease holds because a transition from s to ¢ either stays in the
same shoal or enters a shoal with a smaller index, in either case satisfying Q..
Applied to the preconditions of Closure, this gives us Qj., which together with
Q' and the obvious transitivity based on the definition of Q' gives us Q},.
Lastly, assuming a violation of the Liveness condition, consider the shoal in
which state s is contained. Given Q.,, state t is either in the same shoal S or in
a shoal with a higher index. In the first case S contains —Q; and could not have
been produced by the algorithm, and in the latter case S is not inductive. O

6 Experiments

This section presents an experimental evaluation of our certification method
for the four model checking algorithms: k-liveness, L2S, rLive, and stabilizer
extraction. We implemented all of these techniques in our prototype to support
liveness checking and certificate generation for each algorithm.

Our certificate checker generates the SAT formulas described in Def. 8 using
the model and witness circuit as input. The implementation can handle multiple
safety and liveness properties; moreover, for the latter it also supports multiple
liveness signals per property. The generated SAT formulas are checked using
Kissat [5]. The combination of our model checker and the certificate checker was
subjected to around 16 hours of fuzz-testing [19] on 8 cores at 5.20 GHz.

Ezxperimental Setup The final experiments presented in this paper were run on
an HPC cluster using Intel Xeon Platinum 8360Y CPUs at 2.4 GHz. Each model
checking instance was allocated 14 GB of memory and one hour of wall time.
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Fig. 7. Performance comparison of our method against the Sindoni et al. approach [41]
implemented on top of nuXmv. Solid lines represent the total runtime for model check-
ing and certificate checking, whereas dashed lines are model checking only. For each
configuration, we display the number of solved instances, and the certification over-
head (%). Our method certified all instances solved by the model checker, with very low
overhead. In contrast, the approach of Sindoni et al. was unable to certify 16 instances
with rLive optimizations and 13 instances without optimizations (most of them due
to running out of memory), with significantly higher certification overhead of 309%
and 469%, respectively (overhead calculated only on the certified instances). Among
all certifying configurations, k-liveness with stabilizer extraction achieved the best per-
formance, with only 4% certification overhead.

Benchmarks We use the liveness benchmarks from HWMCC 2025 [6], of which 73
were found to be UNSAT. The benchmarks feature explicit fairness constraints [7]
and multiple liveness signals per property. While our certificate checker can rea-
son about such benchmarks, the evaluated model checkers cannot. We therefore
normalize the benchmarks beforehand using the unverified tool aigunfair [§].
This reduces multiple signals to one by adding latches that track violations;
once all are set, the liveness signal is disabled for one step and the latches reset.
We also include synthetic benchmarks encoding an n-bit saturating counter.
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Table 1. Scaled version of an n-bit saturating counter. We report the value of n to-
gether with model checking and certificate checking times (seconds). The liveness signal
is chosen as the middle bit of the counter. For the rLive implementation in nuXmv, we
report both the base version of the algorithm (similar to what is implemented in our
model checker) and the default variant with additional optimizations. Our certificate
checker was able to validate all certificates generated. The certificate checker of [41]
was unable to validate certificates with n > 9 due to memory exhaustion.

Our Method nuXmv
stabilizing+ optimizations+
k-liveness L2S rLive k-liveness rLive rLive
n tmc tcert tmc tcert tmc tcert tmc tcert tmc tce'r‘t t'mc tcert

5 0.550.06 0.070.06 0.04 0.07 0.03 0.06 0.06 7.60 0.05 7.56
6 11.51 0.07 0.27 0.07 0.08 0.08 0.03 0.06 0.08 12.78 0.06 17.69
7213.13 0.08 2.22 0.07 0.25 0.08 0.03 0.06 0.19 57.57 0.10 54.93

8 to - 21.550.08 0.97 0.11 0.03 0.06 0.60 513.16  0.16 470.55
9 to - 360.43 0.16 4.64 0.21 0.03 0.06 1.95 mo  0.46 mo
10 to - mo - 26.29 0.45 0.03 0.06 7.63 mo 1.08 mo
11 to - mo - 140.75 7.05 0.03 0.06 31.66 mo  3.19 mo
12 to - mo - 922.88 23.70 0.03 0.06 147.51 mo  9.00 mo
13 to - mo - to - 0.03 0.06 616.55 mo 24.73 mo
14 to - mo - to - 0.03 0.06 3596.39 to 147.89 mo
15 to - mo - to - 0.03 0.06 to - 498.72 mo
16 to - mo - to - 0.03 0.06 to - to -
25 0.03 0.06
26 0.04 0.07
212 3.65 3.59
218 18.80 9.75
216 1182.19 529.63
217 to .

Baseline We compare our approach against the certifying rLive method [41],
which is implemented on top of the nuXmv model checker® [12]. To the best
of our knowledge, this is the most recent approach for liveness certification.
Their implementation is limited to the rLive algorithm, and does not support
k-liveness, stabilizer extraction, or L2S. Note that their workflow additionally
requires an (unverified) Python-script translation for the input model and the
generated certificate prior to checking. Moreover, their certificate checker re-
quires first establishing the rLive proof strategy and LTL deductive rules; we
exclude this from the reported certification time, which gives their approach
a favorable comparison. We further removed the hard-coded memory limits in
their tools. We used Apptainer virtualization to run SBCL on the HPC cluster.

5 We are thankful to the authors of [41] for kindly providing the binaries.
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Model checking vs. certification Table 1 and Fig. 7 report the experimental re-
sults on the counter benchmarks and the HWMCC benchmarks, respectively.
On the counter benchmarks k-liveness with stabilizing constraint extraction sig-
nificantly outperforms all other evaluated algorithms. While the benchmarks
uniquely favor the technique, as Fig. 4 illustrates, this result extends to the rep-
resentative HWMCC benchmark set. To put these results into perspective, up to
2% bits, explicit-state model checking is feasible, while 2° bits are completely out
of reach of explicit-state enumeration. Without the preprocessing, the exponen-
tial value of k required makes k-liveness reach timeouts for very small instances,
while liveness-to-safety quickly reaches the memory limit of 14 GB.

Our rLive implementation not only manages to find the exponentially long
trace of liveness violations, but also produces invariants to block them one by
one, yielding certificates that are surprisingly efficient to check. OQur certificate
checker successfully validated all certificates generated by the model checker. The
nuXmv rLive implementation (closed-source) is more efficient, and its safety
backend does not seem to suffer from the efliciency degradation that our IC3
implementation exhibits when dealing with symbolic initial states (as required by
rLive). Notably, however, the baseline certification method requires significantly
more memory than was available in our setup. Even the certificate for 9 bits,
which was produced in 0.46 seconds, caused memory exhaustion during checking.
For 8 bits, the observed certification overhead is approaching a factor of 3000.

Our experiments on the HWMCC benchmarks also show that under our ap-
proach, certification time constitutes only a small fraction of the model checking
time: 4% for k-liveness (with and without constraint extraction) and 7% for our
rLive implementation, whereas L2S incurs a substantially higher overhead of
59%. In contrast, for the baseline approach using nuXmv, certification is signif-
icantly more expensive than model checking itself, with overheads of 309% for
rLive with optimizations enabled and 469% for the unoptimized version. More-
over, the Sindoni et al. approach failed to validate 16 and 13 certificates for the
two configurations, respectively, whereas our method successfully validated all.

The reported overhead is exclusively certificate checking time. Since the
safety checking algorithms already compute most of the required invariants and
witness construction is linear, we expect the remaining overhead to be dominated
by disk write time.

Comparison of certificate checking We further compare the certificate-checking
efficiency of our approach with the deductive certification framework described
in [25,26,41] as directly as possible. Across their publications, the authors present
three implementations of their certification approach, each tailored to a different
model checker. We run the model checkers on the HWMCC25 benchmark set
to generate certificates and compare the certificate checking time with that of
the certificates produced by the most similar engine in our model checker. We
consider only benchmarks for which both our model checker and the related
approach produced a certificate. The model checking time itself is excluded from
this evaluation. The results are shown in Figure 8.
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Fig. 8. Comparison of certificate checking time for our method to three implementa-
tions of the related approach. We compare the default configuration presented in the
related work to the closest engine in our model checker. Blue compares Simplic3 [26]
and proof checking performed by CVC5 [3] with our k-liveness engine with stabilizer
extraction. Orange compares IC3ia [25] to our base k-liveness engine. The certificates
produced by IC3ia include full resolution proofs and are checked with a Python script.
Green compares the Sindoni et al. approach [41] to our rLive implementation. For each
of the three comparisons, we present the geometric mean of the certificate checking
time ratio. Timeouts and memory-outs are displayed in the margin and excluded from
the calculation of the geometric mean. Only benchmarks for which certificates were
produced by both model checkers are considered; the number is shown in parentheses.

The approach implemented in Simplic3 [26] (blue) is the most similar to
ours, in that it dispatches proof obligations to an external, trusted SMT solver.
In contrast to our approach, the formulas to be checked are generated directly by
the model checker, and the model checker itself is trusted to encode the required
proof obligations correctly. This is emphasized by the fact that the certificate
checker does not consider the original model. Referring to Def. 8, this is similar
to checking only the liveness of the witness (checks 6 and 7), without establishing
the simulation relation. A direct comparison of certificate checking time shows
that our certificates are 26 times faster to check in the geometric mean, even
before accounting for the two timeouts and two memory-outs in which CVC5
failed to check the certificate within one hour and 14 GB of memory. We note
two limiting aspects of this comparison: First, the certificates are produced in
SMT-LIB format, and we therefore use CVC5 to check them. However, the in-
cremental sequence of calls is purely Boolean and could presumably be checked
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more efficiently by a dedicated tool. Second, the model checker producing these
certificates is significantly more mature and implements more features, success-
fully producing certificates for 79 benchmarks with an overall overhead of 133%.
A previous version of the deductive framework presented in [25] (orange) is
interesting, as the certificates include full resolution proofs and can therefore be
checked in polynomial time. Nevertheless, the prototype checker for this format
remains significantly slower than our approach and experiences two timeouts.
Finally, the rLive engine of nuXmv [41] produces certificates for a checker based
on PVS, which can be argued to have a smaller base of trust than our approach.
While the number of considered benchmarks is limited (due to our weak rLive
engine), their certificate checker still encounters four memory outs. Ignoring these
cases, our certificates are still checked 47 times faster in the geometric mean.

Summary of results The experimental results empirically support the following
conclusions: (1) our certification method is practically effective, incurring only
a small fraction of the model checking time as overhead; (2) our method effi-
ciently certified all instances solved by the model checker; (3) compared to other
certification approaches, our method achieves substantially lower certification
overhead, exceeding an order-of-magnitude improvement.

7 Conclusion

We have presented a unifying certificate format for liveness checking and shown
how to generate such certificates for four representative model checking tech-
niques. Our certificates are expressed as witness circuits, enabling efficient and
lightweight proof checking based solely on SAT solving. We implemented all tech-
niques in a certification toolchain, including a prototype certifying model checker.
Experimental results on a broad range of competition benchmarks demonstrate
that certification incurs only a very small overhead compared to the model check-
ing time, making the approach practical for real-world use. We additionally com-
pared our method against an existing certifying approach for rLive and showed
that our technique achieves significantly better performance.

To the best of our knowledge, this is the first successful generic certification
method for liveness checking that works for this wide range of techniques. As fu-
ture work, we plan to extend the proposed certification framework to both word-
level and infinite-state systems. To enable end-to-end certification for workflows
in which properties are specified as arbitrary LTL formulas, we intend to develop
a certifying translation to AIGER. Moreover, work has begun on developing a
fully verified certificate checker in a theorem-proving environment.
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