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SAT Solving Q

Dr. Nils Froleyks @ 0@
e CO o

conflict conflict conflict SAT

30 September 2026 a=1 b=1

“The SAT problem is evidently a Killer app, because it is key
to the solution of so many other problems.” el e Srnh
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System 1 SEREIRE
Thinking fast

Automatic and intuitive

LLMsS 166.086s

Generate a candidate response

[ Context ] — [ Candidate ]

Patterns learned from examples

Daniel Kahneman, Thinking, Fast and Slow (2011).

System 2

Thinking slow
Deliberate and effortful

SAT solving 1.725 ms

Check explicit logical constraints

[Pormula} — [ SAT /| UNSAT }

A precise logical decision




Boolean Satisfiability Problem (SAT)

/ SAT satisfying assignment

SAT solving ] {a=T,b=1, c=1}

\ IUNSAT proof of unsatisfiability

pVq PV q pVr —pV r
p —p

F—>

J

(aV—=b) N (avVbVc) AN (—aV —b)

Propositional logic: A, v, -, Boolean variables
Conjunctive Normal Form (CNF)

Clause: disjunction of literals (set of literals) (a'V —b)
Literal: Boolean variable or its negation
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The First NP-Complete Problem

A nondeterministic Turing machine SAT encoding
(e ]
} FM — Fstart N Fmove A Faccept

L] 0 0 0 [l L]

Variables describe tape symbols,

Computation history head positions and machine states.
t=0 ol1 o 1 O O i
F’y is satisfiable
t=1 o o o0 1 O O 9 ;
t=2 o o o 1 O O i
M has an accepting computation
A O o0 0 o0 O O face

within 1" steps
One accepting computation

Cook-Levin theorem: SAT is NP-complete
Stephen A. Cook - May 1971 Leonid A. Levin - 1973

The complexity of theorem-proving procedures Universal Sequential Search Problems
STOC, pp. 151-158 Problemy Peredachi Informatsii 9(3), pp. 115-116



The First NP-Complete Problem
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AC ™M Byamper om0 The Complexity of Theorem-Proving Procedures
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NPOBJEMBI NEPEJAYH NHOOPMAIINR

f\¢1 14 7 University of Toronto
Summary certain recursive set of st?ings on

It is shown that any recognition
problem solved by a polynomial time-
bounded nondeterministic Turing
machine can be "reduced" to the pro-
blem of determining whether a given
propositional formula is a tautology.
Here "reduced" means, roughly speak-
ing, that the first problem can be
solved deterministically in polyno-
mial time provided an oracle is
available for solving the second.
From this notion of reducible,
polynomial degrees of difficulty are
defined, and it is shown that the
problem of determining tautologyhood
has the same polynomial degree as the
problem of determining whether the
first of two given graphs is iso-
morphic to a subgraph of the second.
Other examples are discussed. A
method of measuring the complexity of
proof procedures for the predicate
calculus is introduced and discussed.

Throughout this paper, a set of
strings means a set of strings on
some fixed, large, finite alphabet I.
This alphabet is large enough to in-
clude symbols for all sets described
here. All Turing machines are deter-
ministic recognition devices, unless
the contrary is explicitly stated.

1. Tautologies and Polynomial Re-
Reducibility.

Let us fix a formalism for
the propositional calculus in

this alphabet, and we are interested
in the problem of finding a good
lower bound on its possible recog-
nition times. We provide no such
lower bound here, but theorem 1 will
give evidence that { tautologies} is

a difficult set to recognize, since
many apparently difficult problems
can be reduced to determining tau-
tologyhood. By reduced we mean,
roughly speaking, that if tauto-
logyhood could be decided instantly
(by an "oracle") then thesec problems
could be decided in polynomial time.
In order to make this notion precise,
we introduce query machines, which
are like Turing machines with oracles
in [1].

A query machine is a multitape
Turing machine with a distinguished
tape called the guery tape, and
three distinguished states called
the query state, yes state, and no
state, respectively. 1If M is a
query machine and T 1is a set of
strings, then a T-computation of M
is a computation of M 1in which
initially M is in the initial
state and has an input string w on
its input tape, and each time M
assumes the query state there is a
string u on the query tape, and
the next state M assumes is the
vyes state if wueT and the no state
if ufT. We think of an "oracle'",
which knows T, placing M in the
yes state or no state.

Stephen A. Cook - May 1971

The complexity of theorem-proving procedures
STOC, pp. 151-158

Tom IX 1973 Bbvin. 3

BEPATRHOE COOBITEH HA

VIR 519.14
YHHUBEPCAJIBHBIE 3A/IAYM ITEPEBOPA
Jd. A, desun

B crarse paccMarpuBacTCA HECKOJbBKO M3BOCTHBRIX MacCCOBBIX 3a7ad
«nepeﬁopﬂom THOa» U AOKA3bIBAETCA, YTO0 9TH 3aJavd MOAHO pellaTh JIUINb
3d TaKOe BpeMd, 3a KOTOpOoe MOKHO peliaThb BODﬁLLIE n10061e Jaja4ddl yrasaH-
HOIr0 THIA.

Ilocne yTouHenus NOHATUA aAropuTMa OBLIA JOKasaHa aJTrOPHTMHUECKAs Hepaspe-
ANUMOCThL PAAA KIACCHYECKWX MAacCCOBHIX mpobiaeM (Hampumep, mpoGaeM TOMTECTBA die-
MEHTOB IPYyIH, roMeoMOPHHOCTH MHOro00pasuil, paspermiuMocTH JHoaHTOBEIX yDaBHeHMIi
u apyrux). Tem caMpiM OblI CHAT BOIPOC 0 HAXOMICHUM NPAaKTHYECKOTO CHOCODA MX pe-
wwennsd. OpHaKo CyLIecTBOBAHHE AJTOPUTMOB s PeHIeHMA JPYTHX 3ajad He CHHMaer
VI HHX aHAJOTHYHOIO BONPOCa M3-3a (pauTacrtudecku 0ouabimioro odbema paboThl, mpepir-
-CBHIBAEMOTr0 9THMH aJropurMamu. Taxopa CUTyanus ¢ Tak HasbiBaeMBIME IIepe0ODHBIME 3a-
JaYaMu: MUHHMH3AUHH OyJjaeBblX QYHROUI, OUCKA [OKA3aTeJIbCTB OIPAHHYEHHOH JJIHEL,
BBISICHEHUsI M30MopgHocTH rpadioB B ApyruMu. Bee aTH 3a/jauy PellaloTcs TPHBHAJBHBIMI
ANTOPHTMAMH, COCTOSAMIAMY B repefope Bcex BosMoskmocTeil, OfHAKO 5TH aJACOPHTMBI TPe-
OYIOT KCIOHEHIHAJNLHOTO BpeMeHH pafoThl M ¥ MAaTEMATHROB CIOKIIOCH yOeKeHHe, YTO
Godee MPOCTble AJIOPATMBE JUISI HUX HEBOBMOJKHEL BB IOJyYeH PsJl CePbe3HLIX apryMeH-
TOB B I0Jb3Y ero cupaBefgaasocti (cM.[!r?]), ogHaKo JoKasaTs 8TO0 YTBED:RAeHHe He yha-
Jgock HHKoMY. (Hampumep, o cHX IIop He JOKA3aHO, YTO A HAXO/KACHHA MATeMATHYCCKHX
JIOKa3aTeNBCTB HYMKHO GOnblIe BpeMeHt, YeM 1A X OPOBCPKU.)

OfHaKo ecau MPeAIod0KHTh, YT0 BOOOIe CYIecTByeT KakaA-HOOYAL (XoTd OBl HCKYC-
CTBCHHO MOCTPOGHHAA) MaccoBas 3ajada nepe(OPHOTO THIA, HEPA3pelIHMas IPOCTHIMH
(B cMBIcae 00bEMa BBIYHCICHHH) AJTOPUTMaMH, TO MO/KHO IOKa3aTh, YTO ATHM iKe CBOIl-
CTBOM 00JIaJlaI0T U MHOTHE «KIaccHdYeckHe» epefopuble 3aJadl (B TOM dHCIe 3ajada Mu-
HEMH3aIMH, 3ajlada NOMCKA JOKA3aTeJLCTB M Ap.). B 5TOM M COCTOST OCHOBHBIE De3YJb-
TAThl CTATHU.

Leonid A. Levin - 1973

Universal Sequential Search Problems
Problemy Peredachi Informatsii 9(3), pp. 115-116



How big 1s the search space for a SAT solver?

Search space for 267 variables

2267 ~ 1.76 x 10%°

The number of protons in the
observable universe
(Eddington)

[gettyimage.com]



Evolution of SAT solvers

Benchmark year | 2002 2004 2011 2019 2020 2021 2022 SATISFIABLE UNSATISFIABLE
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How humans think...

def ProblemSolving(F: Problem) -> bool:
Decisions = {}
while Problem not solved:
1f Decisions lead to a conflict:
analyze the conflict:
e try to learn something from it
« 1f learned the problem 1s unsolvable: return UNSAT
Decisions.drop() # Change our mind on previous decisions
else:
£ = make a decision
Decisions.add(?) # Make a decision
return SAT
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Unit Propagation

UnitPropagation(F,{a}) :
Remove clauses containing a immediately satisfied).
Remove occurrences of -a. Extend decisions with unit clauses and repeat.

-

F={(aVvb)A(—aVbV-c)A(maV -b)A---

Conflict: removing the last literal leaves the empty clause



Unit Propagation

UnitPropagation(F,{a}) :
Remove clauses containing a immediately satisfied).
Remove occurrences of -a. Extend decisions with unit clauses and repeat.

-

F=({@D)A(-aVbV-c)A(—aV—b)A--- {a}

Conflict: removing the last literal leaves the empty clause L



Unit Propagation

UnitPropagation(F,{a}) :
Remove clauses containing a immediately satisfied).
Remove occurrences of -a. Extend decisions with unit clauses and repeat.

-

F=|@h) A (>aVbV-—c)A(>aV-b)A--- {a}

Conflict: removing the last literal leaves the empty clause L



Unit Propagation

UnitPropagation(F,{a}) :
Remove clauses containing a immediately satisfied).
Remove occurrences of -a. Extend decisions with unit clauses and repeat.

-

F=|@h) A (>aVbV-—c)A(>aV-b)A--- {a}

(bV =c) A (=b) A - -

Conflict: removing the last literal leaves the empty clause L



Unit Propagation

UnitPropagation(F,{a}) :

Remove clauses containing a immediately satisfied).

-

Remove occurrences of -a. Extend decisions with unit clauses and repeat.

F=(@D)A(>aVbV-c)A(>aV-b)A---

(bV =c) A (=b) A - -

Conflict: removing the last literal leaves the empty clause L




Unit Propagation

UnitPropagation(F,{a}) :
Remove clauses containing a immediately satisfied).
Remove occurrences of -a. Extend decisions with unit clauses and repeat.

- J

F=|@h) A (>aVbV-—c)A(>aV-b)A--- {a}

(bV —=c) A ) A - - {a,—b}

Conflict: removing the last literal leaves the empty clause L



Unit Propagation

UnitPropagation(F,{a}) :
Remove clauses containing a immediately satisfied).
Remove occurrences of -a. Extend decisions with unit clauses and repeat.

- J

F=|@h) A (>aVbV-—c)A(>aV-b)A--- {a}

KV =) A ) A - - {a,—b}

Conflict: removing the last literal leaves the empty clause L



Unit Propagation

UnitPropagation(F,{a}) :
Remove clauses containing a immediately satisfied).
Remove occurrences of -a. Extend decisions with unit clauses and repeat.

- J

F=|@h) A (>aVbV-—c)A(>aV-b)A--- {a}

KV =) A ) A - - {a,—b}

(—.C)/\...

Conflict: removing the last literal leaves the empty clause



Unit Propagation

UnitPropagation(F,{a}) :
Remove clauses containing a immediately satisfied).
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Unit Propagation

UnitPropagation(F,{a}) :
Remove clauses containing a immediately satisfied).
Remove occurrences of -a. Extend decisions with unit clauses and repeat.

- J

F=|@h) A (>aVbV-—c)A(>aV-b)A--- {a}

KV =) A ) A - - {a,—b}

M/\... {a’ﬁbjﬁc}

Conflict: removing the last literal leaves the empty clause L



How humans think...

def ProblemSolving(F: CNF) -> bool:
Decisions = {} # Partial assignment
while not all variables are assigned in Decisions:
1f conflict := UnitPropagation(F, Decisions):
analyze the conflict:
e try to learn something from it
« 1f learned the problem 1s unsolvable: return UNSAT
Decisions.drop() # Change our mind on previous decisions
else:
£ = make a decision
Decisions.add(?) # Make a decision
return SAT



How humans think...

def ProblemSolving(F: CNF) -> bool:
Decisions = {} # Partial assignment
while not all variables are assigned in Decisions:
1f conflict := UnitPropagation(F, Decisions):

else:
£ = make a decision
Decisions.add(?) # Make a decision
return SAT



Conflict Analysis: Implication Graph

(AV B)
(BVC)
(mAV-XVY)
(mAVXVZ)
(mAV YV Z)
(nAV XV -Z)
(mAV Y V-Z)



Conflict Analysis: Implication Graph

BV () ‘ED»

( a1
(-AV-aXVY)

(—AVXVZ)

(-AV=aYVZ)

(wAVXV-Z)

(mAV-Y V-Z)

Decide A =1 at level 1.



Conflict Analysis
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: Implication Graph

Decide B =1 at level 2.



Conflict Analysis: Implication Graph
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Decide X =1 at level 3.



Conflict Analysis: Implication Graph
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Conflict Analysis: Implication Graph
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Propagate Z = 1 at level 3.



Conflict Analysis: Implication Graph
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Resolution

IVXiV--- VX)) A (RIVYiV---VY,)

(X1V- VX, VY1 V.- VY,

Examples
(X1 VXsVaX) A (X1 VXs) B (X3V—-X7V Xy)

(XaV X5) A (—X5) B (Xy)

(X)) A (mXy) F L
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Conflict Analysis: Implication Graph

S

@) \
@2.0 \@ /
S T
—> (Y =1
@3 @3 \

First unique implication point: Y

Y is the closest node to the conflict on eyerK path from X.
Only -Y is at the current decision level in this clause.



Conflict Analysis: Implication Graph
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Backjump from level 3 to level 1

Level 1 is the second-highest level in the learned clause.
After backjumping, the clause is unit and forces Y = 0.
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Backjump from level 3 to level 1

Level 1 is the second-highest level in the learned clause.
After backjumping, the clause is unit and forces Y = 0.



Conflict Analysis

V=X VY)
VXVZ)

VoYV Z)
VXV-aZ)
VoY vV aZ)
Vv =Y)

: Implication Graph

@1

Backjump to level 1.
Keep A=1;undo B, X, Y and Z.



Conflict Analysis: Implication Graph
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Propagate Y = 0 at level 1.

The newly learned clause is always propagating.



Conflict Analysis: Implication Graph
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(—AV XV -Z)

Propagate X = 0 at level 1.



Conflict Analysis: Implication Graph

(BVC)

Propagate Z = 1 at level 1.



Conflict Analysis: Implication Graph
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Conflict Analysis: Implication Graph

Backjump to level 0.
Undo every assignment.



Conflict Analysis: Implication Graph

(BVC)

@0

Propagate A = 0 at level 0.



Conflict Analysis: Implication Graph

Propagate B =1 at level 0.



Conflict Analysis: Implication Graph

SAT: every clause is satisfied.

One complete satisfying assignment:
A=0, B=1, C=X=Y=27Z=0



How humans think...

def ProblemSolving(F: CNF) -> bool:
Decisions = {} # Partial assignment
while not all variables are assigned in Decisions:

1f conflict := UnitPropagation(F, Decisions):

C, £ = ConflictAnalysis(conflict)

1f C == L: return UNSAT

F.add(C)

Decisions.drop_after(f) # Remove decisions after ¢
else:

£ = make a decision
Decisions.add(?) # Make a decision

return SAT
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while not all variables are assigned in Decisions:

1f conflict := UnitPropagation(F, Decisions):

C, £ = ConflictAnalysis(conflict)

1f C == L: return UNSAT

F.add(C)

Decisions.drop_after(f) # Remove decisions after ¢
else:

p =

Decisions.add(?) # Make a decision
return SAT



Decision Heuristics: Pick an unassigned variable

MOMS

Maximum Occurrences in clauses of Minimum Size

Choose the variable occurring most often
in the shortest remaining clauses.
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Decision Heuristics: Pick an unassigned variable

MOMS

Maximum Occurrences in clauses of Minimum Size
Choose the variable occurring most often

in the shortest remaining clauses.

Static A, B, X,Y, Z

calculate once before solving

INC s(v) < s(v) +1

EVSIDS s(v) < s(v) + A

A+—Ala (0<a<l)

Exponential Variable State Independent Decaying Sum

Solved instances

150 ==

157 EVSIDS
55 INC
31 STATIC

100 ==

200 400 600 800 1,000

Time (sec)
SAT Competition 2014
[Biere-Frohlich, SAT ’15]



Conflict-Driven Clause Learning

[Marques-Silva & Sakallah *96]
def ProblemSolving(F: CNF) -> bool:

Decisions = {} # Partial assignment
while not all variables are assigned in Decisions:

1f conflict := UnitPropagation(F, Decisions):

C, £ = ConflictAnalysis(conflict)

1f C == L: return UNSAT

F.add(C)

Decisions.drop_after(f) # Remove decisions after ¢
else:

£ = DecisionHeuristic()
Decisions.add(?) # Make a decision
return SAT



Conflict-Driven Clause Learning

[Marques-Silva & Sakallah *96]
def (F: CNF) -> bool:

Decisions = {} # Partial assignment
while not all variables are assigned in Decisions:

1f conflict := UnitPropagation(F, Decisions):

C, £ = ConflictAnalysis(conflict)

1f C == L: return UNSAT

F.add(C)

Decisions.drop_after(f) # Remove decisions after ¢
else:

£ = DecisionHeuristic()
Decisions.add(?) # Make a decision
return SAT



Code from CaDiCaL

int Internal::cdcl_loop_with_inprocessing () {
int res = 0;
while ('res) {
(unsat) res = 20;
else 1f (!'propagate ()) analyze (); // propagate and analyze

else if (iterating) iterate (); // report learned unit
else if (satisfied ()) res = 10; // found model
else if (terminating ()) break; // 1limit hit or async abort

else 1f (restarting ()) restart (); // restart by backtracking
else if (rephasing ()) rephase (); // reset variable phases

else if (reducing ()) reduce (); // collect useless clauses
else if (probing ()) probe (); // failed literal probing
else 1f (subsuming ()) subsume (); // subsumption algorithm
else if (eliminating ()) elim (); // variable elimination
else if (compacting ()) compact (); // collect variables
else res = decide (); // next decision

J

return res;

k

github.com/arminbiere/cadical - fmv.jku.at/cadical



Code from CaDiCaL

int Internal:

}

int res =

(lres) {

while

else
else
else
else
else
else
else
else
else
else
else
else

}

1f
if
if
if
if
if
if
if
if
if
if

res

0,

(unsat) res = 20;
(!'propagate ()) analyze ();
(iterating) iterate ();
(satisfied ()) res = 10;
(terminating ()) break;
(restarting ()) restart ();
(rephasing ()) rephase ();
(reducing ()) reduce ();
(probing ()) probe ();
(subsuming ()) subsume ();
(eliminating ()) elim ();
(compacting ()) compact ();
= decide ();

return res;

:cdcl_loop_with_inprocessing () {

propagate and analyze
report learned unit
found model

limit hit or async abort
restart by backtracking
reset variable phases
collect useless clauses
failed literal probing
subsumption algorithm
variable elimination
collect variables

next decision

github.com/arminbiere/cadical -

fmv.jku.at/cadical



Restarts

Restarting the search can help leave bad parts of the search space.

Luby sequence [Luby93] (provably optimal)

32 + 4 u, v =1,
while True:

print(v)

u, v = (u+ 1, 1) if (u & -u) ==
161 ) S else (u, 2 * v)
8 T ' ’ ) ’ 1 Donald Knuth [Knuth15]
2 P TAOCP §7.2.2.2, p. 81, Eq. (131)

Bt vfn® wlot wfud wlet wfed wtet wtet | et Draft of 23 September 2015

0 10 20 30 40 50 60 70

(1,1),(2,1),(2,2),(3,1),(4,1), (4,2), (4,4),(5,1),(6,1), (6,2),(7,1), (8, 1), (8,2), (8,4), (8,8),(9,1), (10,1), (10, 2), (1



Translating to CNF

Tseitin encoding

F=(xAN-y)V(zV(zxA-w))

“Triplets” using subformulas
feavd, as ANy, ..

Encode each triplet as an equivalence in CNF

(=fVaVvb)A(fV-oa)A(fVab)A---

Add the unit clause (f) to require the original formula F to be true.



One lecture is not enough...

Fronds

HANDBOOK

ee of satisfiability
@

®0 00 @ Ediors:
OO0 ® ArminBiere
@8 8@ HMaijn Heule
® @ Hans van Maaren L ]
@ 9 9 ® TobyWalsh

e

Second edition 2021



Incremental SAT Solving: Assumptions and Constraints

= Incremental Solving: add additional clauses.
= Assumptions: Temporarily enforced Boolean assignment.
= Constraint: single temporary clause.

Fo
Fi =FyANC1 ANC5
Fy = F; N C3

FE A CAl A C
—~— —~—

Assumptions Constraint



Introduction

= 3-bit (b2bibo) counter
= Property: Counter does not exceed 5




Introduction

= 3-bit (b2bibo) counter
= Property: Counter does not exceed 5
T = (by Aby Abo) = ((by Ay Aby) V (By ABy ADL))
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= Can state 6 be reached?
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Introduction

= 3-bit (b2b1ibo) counter
= Property: Counter does not exceed 5
T = (by Aby Abo) = ((by Ay Aby) V (By ABy ADL))

A (bs Aby Abg) = ((By Aby Ab)V (by A, ABy))
AL

= Can state 6 be reached?

(ba Vb1 V bo)AT A by AV, Ay

= T A (by Vb, V b))

UNSAT



Introduction

= 3-bit (b2b1ibo) counter
= Property: Counter does not exceed 5
T = (by Aby Abo) = ((by Ay Aby) V (By ABy ADL))

A (bs Aby Abg) = ((By Aby Ab)V (by A, ABy))
AL

= Can state 7 be reached?

(by V by V bo) AT A by A by Aby

111



Conflict Driven Clause Learning

e Wy« T

\ 4 /

° by < T

\ 4

® bl — L

\ 4

° b2 — T

C1 By vy Vg VD, U3 By vy Vo Vb, Vb, Cs by v by Vg Vb Vb

Co by v by VgV by Ca by v by VgV by Vb,



Conflict Driven Clause Learning
o by < T
e U« T

® bl%J_

° bg%—r —_— bo%—r
Ch

C1 By vy Vg VD, U3 By vy Vo Vb, Vb, Cs by v by Vg Vb Vb

Co by vy VbV by Ca by v by VgV by Vb,



Conflict Driven Clause Learning

o «

® blkJ_

C1 By vy Vg VD, U3 By vy Vo Vb, Vb, Cs by v by Vg Vb Vb

Co by v by VgV by Ca by v by VgV by Vb,



Conflict Driven Clause Learning

o «

® blkJ_

Ci BV Vb VDb, C3 By vy Vo Vb Vb, Cs by Vb Vb Vb VY,
1 2 1 0
Co by v by VgV by Ca by vby VgV by Vb,

by V by V by V by



Conflict Driven Clause Learning

o by« T

\ 4 /

o by < T

A 4

® bl%J_

C1 By vy Vg VD, U3 By vy Vo Vb, Vb, Cs by v by Vg Vb Vb,
Co by v by VgV by Ca by vby VgV by Vb,

by V by V by V by



Conflict Driven Clause Learning

e Wy« T
v /
° b1<—T \
A 4
° by <~ 1L —— by« L
CG
C1 By Vb Vg VB, C3 By Vb Vb Vb, Vb Cs by v by Vo VD Vb,
Co by v by VgV by Ca by v by VgV by Vb,

by V by V by V by



Conflict Driven Clause Learning

by < T

b« T \

° bl%J_ —_— bg%l_ — bo%J_ — b’<—T

C1 By vy Vg VD, U3 By vy Vo Vb, Vb, Cs by v by Vg Vb Vb

o «

Co by v by VgV by Ca by v by VgV by Vb,

by V by V by V by



Conflict Driven Clause Learning

by <+ T

b, [T \

° bl%J_ —_— bg%l_ — bo%J_ — b’<—T

C1 By vy Vg VD, U3 By vy Vg Vb, Vb, Cs by v by Vg Vb Vb

o «

Co by v by VgV by Ca by v by VgV by Vb,

by V by V by V by by V by V by



Counter Example

= Three-bit (bzb1bo) counter
= Property: Counter does not exceed 5
T = (by Aby Abo) = ((by Ay Aby) V (By ABy ADL))
A (ba Aby Abg) = ((By Aby Ab)V (by AB, ABy))
AN

= Can state 7 be reached?

(ba V by V bg) AT Aby A by A

111



Counter Example

= Three-bit (bzb1bo) counter
= Property: Counter does not exceed 5
T = (by Aby Abo) = ((by Aby Aby) V (By ABy ADL))
A (ba Aby Abg) = ((By Ay Ab)V (by AB, ABy))
AN

= Can the cube be reached?

110 (ba Vb1 Vo) AT Aby AV, Ab,
11. (b Vb)) AT AV, AV,

UNSAT
UNSAT

111



Assumptions

(b Vb Vby) A T A

A\ J/
Ve

Constraint

addClause (Clause ¢)

solve (list < Literal > assumptions)

“[...] we propose the following interface [...] very simple to
implement [...] expressive enough to encompass several
Interesting incremental SAT-problems [...]”

Temporal Induction by Incremental SAT Solving
[Eén, Niklas and Sorensson, Niklas, 2003]



Assumptions: decisions

DECIDE ()
ap T 1 if level < |assumptions|
2 £ =assumptions[level]
a et 3 ifval(®) = false analyzeFinal(£)
4 else decisions[level++] = £
as <— T

5 else decisions[level++] = heuristic()



My Contribution

—/
AT A 13’2/\19’1/\199

VvV
Assumptions

addClause (Clause ¢)

solve (list < Literal > assumptions, Clause c)

= Easy to implement
= Expressive enough for IC3

= Learned clauses are save to keep



Constraint

CL()FT
ap <+ T

as < T

DECIDE ()

1 if level < |assumptions |

2 £ = assumptions[level]

if val(®) = false analyzeFinal(®)
4 else decisions[level++] = £

5 else decisions[level++] = heuristic()

w



Constraint

DECIDE ()

if level < |assumptions|
£ = assumptions[level]
if val(®) = false analyzeFinal(®)
else decisions[level++] = £

ag < T ;
3
4
5 else if level = |assumptions |
6
7
8
9

ap <+ T

unassignedLit = 0
for £ in constraint
if val(®) = true
constraint. moveToFront(®)

10 level++
11 else if val(£) = unassigned
12 unassigendLit = £
13 if unassigendLit = 0
14 analyzeFinal(constraint)
15 else decisions[level++] = unassigendLit
16 else decisions[level++] = heuristic()

as <+ T

<+
<4 —
<4+



Constraint

DECIDE ()
o e T 1 iflevel < |assumptions |
2 £ = assumptions[level]
3
o T 4 else decisions[level++] = £
5 else if level = |assumptions |
6 unassignedLit = 0
7 for £ in constraint
az < 1 ; if val(e) = true
9 constraint. moveToFront(®)
10 level++
11 else if val(£) = unassigned
12 unassigendLit = £
13 if unassigendLit = 0
14 analyzeFinal(constraint)

15 else decisions[level++] = unassigendLit
16 else decisions[level++] = heuristic()

<+
<4 —
<4+



Analyze Final

failed( Literal £ )
Queries if £ was used to proof unsatisfiability

If only b'; and b’ failed the second cube is free

110 (ba Vb1 V bo) AT A by AV, AB, UNSAT

11_ (b Vby) AT Aby A UNSAT



Analyze Final: algorithm

ag < [—— by + L

Ch

CL1<——|_

ag < - asz < |
Cs

CL3F—|—

DECIDE ()

1 if level < |assumptions |
£ = assumptions[level]

else decisions[level++] = £
else if level = |assumptions |
unassignedLit = 0
for £ in constraint
if val(®) = true
constraint.moveToFront(£)
level++
else if val(£) = unassigned
unassigendLit = £
if unassigendLit = 0
analyzeFinal(constraint)
15 else decisions[level++] = unassigendLit
16 else decisions[level++] = heuristic()

O© 00 N O U1 B W N

N Y Y
N O N



Analyze Final: algorithm

DECIDE ()

oL if level < |assumptions |

£ = assumptions[level]
if val(®) = false analyzeFinal(®)
else decisions[level++] = £

o 1
2
3
4
Cy 5 else if level = |assumptions |
6
7
8
9

CL()FT
c3 — |
Cy
ap + T co +— L

unassignedLit = 0
for £ in constraint
if val(®) = true
constraint.moveToFront(£)

10 level++
11 else if val(£) = unassigned
12
13 if unassigendLit = 0
14 analyzeFinal(constraint)
15 else decisions[level++] = unassigendLit
16 else decisions[level++] = heuristic()

as <+ T



IC3

Bradley [VMCAI11]

Frames = Framey

Frames
Frameq
Si_1 N meei_l /N F'—l,i N\ S;
v \ ~~ / v
Constraint Clauses Assumptions

Froleyks & Biere [FMCAD21]



CaDiCaL

IC3 is the first Widesi)read verification method that requires highly
efficient incremental solvers. An incremental interface for IC3 must
allow single clauses to be pushed and popped; it must also allow
literal assumptions. [It poses] many thousands to millions of queries
in the course of an analysis, and so speed is crucial.

Understanding IC3 [Bradley, Aaron R., 2012]

github.com/arminbiere/cadical

Model-based testing: 1.5 Billion runs



Activation Literal

S A Frame;_1 NT N s’
~— ~ P N~

~~

Constraint Assumptions

Clauses

(aV3)AFrame,_1 ANTAN s Na
v SN——

\ .

Ve

Clauses Assumptions

m Deactivated Clauses
®= Unused activation literals

= Solver restarts — SAT solver management strategies in IC3
[Cabodi, G. and Camurati, P. E. and Mishchenko, A. and Palena, M. and Pasini, P., 2017]

= Worse Learned Clauses

o Deleted by restarts
o Tend to contain the activation literal



Experimental Setup

= Bit-level model checker ABC

o Multi-engine
o Sophisticated preprocessing

= Replaced MiniSat with CaDiCaL

[Eén, Niklas and Sorensson, Niklas, 2004]
[Biere, Armin and Fleury, Mathias and Heisinger, Maximilian and Fazekas, Katalin, 2020]

= Replaced activation literals with constraints

= Benchmarks HWMCC’19

[Preiner, Mathias and Biere, Armin, 2019]

o 219 instances, 15 unsolved and removed



PAR-2 Score

Di Og Ca Co De

Mean 80 46 16 8.93
beemTele6Int 136 7200 181 101
toyLock4 7200 483 1731 359
visArraysField5 7200 1.6 51 34
nan 208 421 163 158
beemColl6Int 241 258 322 133
call110 213 168 130 122
cal109 179 197 102 117
cal93 186 136 121 140
cal94 127 160 115 131
cal100 112 67 67 54

Disable restarts, Original ABC, CaDiCal,
Constraints, Defer model reconstruction



Time Per Call

Restarts Calls [10°] TPC [ms]

CA CA CO CA CO
Mean 61 19 0.61
beemTele6Int 520 574 0.27
toyLock4 7459 2251 0.42
visArraysField5 1 113 0.53
nan 1381 423 0.32
beemColl6Int 398 123 2.31
cal110 191 59 2.39
cal109 110 44 2.71
cal93 206 63 1.8
cal94 171 52 2.1

cal100 148 45 1.29




Backbone

The backbone of a satisfiable formula is the set of literals
that are true in all satisfying assignments.

A (@vh) A (@Vbve) A

(dVeV ) AN (dVeV i) A ({dVeVv) A (dVeVv ) A

PHP Vv



Backbone Extraction

backbone (CNF ¢)

1 (res,o) < SAT(p)

2 B+ 10, Ao

3 while A # 0 do

4 ¢ < pick literal from A

5 (res, o) <— SAT (¢ | =¥)

6 if res then // satisfiable

7 A+ A\ {4}

8 else // unsatisfiable

9 B+~ BU{{}, o=pA{L
10 A+ A\ {4}

11 return B



CadiBack performance

600 -

#solved

@ 553 plain
4 458 minibones
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time [s]

1798 satisfiable instances from SAT competitions 2004 — 2022



CadiBack performance

600 -
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Model Filtering

backbone (CNF ¢)

(res, o) <= SAT (p)
B+ 0, AN+o
while A # () do
¢ < pick literal from A
(res, o) <= SAT (¢ | =¥)
if res then // satisfiable
A A\{lfANno
else // unsatisfiable
B+~ BU{{}, o=pA{L
10 A+ A\ {4}

11 return B

© o0 N o U1 b W N



Model Filtering

#solved

600 -

400 -+
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1)) et
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1000

2000

time [s]

3000

4000

5000



Chunking

backbone (CNF ¢)

(res, o) <— SAT(y)
B+ 0, A<+ o, +—1
while A # () do
[' < pick / literals from A // chunk
(res, o) <= SAT (¢ | 7€ \/ yep —F)
if res then // satisfiable
AN AnNno, +—1
else // unsatisfiable
B+ BU{HT, p=pA/
A A\{/T
11 <+ kx K // geometric increase
12 return B

© o0 N o U1 b W N

—
=



Chunking

600 -
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Constraint performance
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Anytime Algorithm

“How quickly do you find the majority of these backbones.

I would like to use this as preprocessing for model counting.”

— Johannes Fichte
Organizer, Model Counting Competition

A bit after this paper was submitted



Backbone literals found over time
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Focusing on the BIG

Binary Implication Graph

V=L

E ={(—u,v), (—v,u) | (u,v) € F}

Symmetric (Contraposition)

@
O—CO—E—CE

o= (-aVe)A(—=dVa)
A(=bVd)A(aVd)



Focusing on the BIG

(=) 1 B0, AL
2 while A #£ ()
@ e 3 ¢ + pick literal from A
4 o < UnitPropagation(F, {{})
5 A+~ A\ {/}
@ @ 6 if | € o then
7 B+ BU{/}
a 8 R NN

9 return B

—a —=h ¢ —d



Focusing on the BIG

—

B+—0, AL

while A % {
¢ < pick literal from A
o < UnitPropagation(F, {¢})
A+ A\{/}

w (\)

vl

I

e 6 if | € 0 then
' 7 B+ BU{/}
¢ 8 Nl

9 return B

- —|b —C —|d



Focusing on the BIG

—

B+—0, AL
while A % {
¢ < pick literal from A
o < UnitPropagation(F, {¢})

N}

W w

5 A+~ A\ {/}
e 6 if | € 0 then
' 7 B+ BU{/}
¢ 8 0+ AL

9 return B



Focusing on the BIG

—

B+—0, AL
while A % {
¢ < pick literal from A
o < UnitPropagation(F, {¢})

N}

W w

5 A« A\ {/}
e 6 if | € 0 then
7 B+ BU{/}
@ 8 p—pNL

9 return B

— —|b —C —|d



Focusing on the BIG

(=) 1 B0, AL
2 while A #£ ()
@ ) 3 ¢ + pick literal from A
4 o < UnitPropagation(F, {{})
5 A+~ A\ {/}
@ @ 6 if | € o then
7 B+ BU{/}
a 8 R NN

9 return B

—a —=h ¢ —d



Focusing on the BIG

B+, AL
while A # ()

—

N}

b 3 ¢ < pick literal from A
l 4 o < UnitPropagation(F, {¢})
5 A+~ A\ {/}
! 6 if 1 € o0 then
‘ 7 B+ BU{/}
@ 8 04— AL

9 return B

O——(&

— —|b —C —|d



Focusing on the BIG

—

B+—0, AL
while A % {
¢ < pick literal from A
o < UnitPropagation(F, {¢})

N}

w

Q je—
52 BTN

A+~ A\ {/}
6 if | € 0 then
' 7 B+ BU{/}
¢ 8 0+ AL

9 return B

- —|b —C —|d



Focusing on the BIG

B+—0, AL
while A % {
¢ < pick literal from A
o < UnitPropagation(F, {¢})

DN —_

w

Q je—
52 BTN

A+~ A\ {/}
6 if | € 0 then
' 7 B+ BU{/}
¢ 8 0+ AL

9 return B

- —|b —C —|d



Focusing on the BIG

—

B+—0, AL
while A % {
¢ < pick literal from A
o < UnitPropagation(F, {¢})

N}

W w

5 A« A\ {/}
e 6 if | € 0 then
7 B+ BU{/}
@ 8 p—pNL

9 return B

- —|b —C —|d



Focusing on the BIG

—

B+—0, AL
while A % {
¢ < pick literal from A
o < UnitPropagation(F, {¢})

N}

W w

5 A« A\ {/}
e 6 if | € 0 then
7 B+ BU{/}
@ 8 p—pNL

9 return B

- —|b —C —|d



Focusing on the BIG

—

B+—0, AL
while A % {
¢ < pick literal from A
o < UnitPropagation(F, {¢})

N}

W w

5 A« A\ {/}
e 6 if | € 0 then
7 B+ BU{/}
@ 8 p—pNL

9 return B

- —|b —C —|d



Focusing on the BIG

(=) 1 B0, AL
2 while A % {

@ ﬁ)} 3 ¢ + pick literal from A
4 o < UnitPropagation(F, {{})
5 A« A\ {/}

@ ! 6 if | € o then

‘ 7 B+ BU{/}
a 8 R NN

9 return B

—a —=h ¢ —d



Focusing on the BIG

S¥

@

- —|b —C —|d

—

N}

B+ 0, A+ L
while A # ()
¢ < pick literal from A

o < UnitPropagation(F, {¢})

A+~ A\ {/}

if | € o0 then
B+ BU{/}
04— AL

return B



Focusing on the BIG

B+—0, AL
while A % {
¢ < pick literal from A
o < UnitPropagation(F, {¢})

DN —_

w

I

5 A+~ A\ {/}
‘ 6 if | € 0 then
‘ 7 B+ BU{/}
¢ 8 0+ AL

9 return B

-
|
2
923
@3
>

- —|b —C —|d



Focusing on the BIG

—

B+—0, AL
while A % {
¢ < pick literal from A
o < UnitPropagation(F, {¢})

N}

W w

5 A« A\ {/}
e 6 if | € 0 then
7 B+ BU{/}
@ 8 p—pNL

9 return B

- —|b —C —|d



Focusing on the BIG

1 B+0, AL
while A # ()

N}

w

¢ < pick literal from A

o < UnitPropagation(F, {¢})
A A\ {¢}

6 if | € o then

B+ BU{/}

O
O

@ 8 04— AL
&

-a

I

vl

~

9 return B

- —|b —C —|d



Focusing on the BIG

1 B+0, AL
while A # ()

N}

—a 3 ¢ <+ pick literal from A
l \? 4 o < UnitPropagation(F, {¢})
5 A+ A\{/}
e X 6 if | €0 then
‘ ‘ 7 B+ BU{/}
8 @~ oAl

9 return B

©

A — a b € a

- —|b —C —|d



Focusing on the BIG

—

B+—0, AL
while A # ()
(54 e 3 ¢ <+ pick literal from A
o < UnitPropagation(F, {¢})
A~ A\ {/}
if | € o then
B+ BU{/}

; 8 04— AL

9 return B

N}

I

(op] vl

~




Focusing on the BIG

1 B+0, AL
2 while A % {
(54 e 3 ¢ <+ pick literal from A
4 o < UnitPropagation(F, {¢})
5 A+ A\{/}
@ e 6 if | € o then
! ! 7 B <+ BU {{}
v ¢ 8 0+ pNAL

9 return B




Focusing on the BIG

—

B+—0, AL
while A # ()
(54 e 3 ¢ <+ pick literal from A
o < UnitPropagation(F, {¢})
A~ A\ {/}
if | € o then
B+ BU{/}

; 8 04— AL

9 return B

N}

I

(op] vl

~




Focusing on the BIG

K 1 B+0, AL
i 2 while A % {
(54 e 3 ¢ <+ pick literal from A
4 o < UnitPropagation(F, {¢})
5 A+ A\{/}
@ e 6 if | € o then
7 B+ BU{/}

; 8 04— AL

9 return B




Focusing on the BIG

/N
|
<
—
p—

B+ 0, A+ L
while A # ()
¢ < pick literal from A

20—

/N
|
~
w

4 o < UnitPropagation(F, {{})
5 A A\ {/}

@ @ 6 if | € o then
7 B+ BU{/}

; 8 R NN

9 return B

>4



Focusing on the BIG

/N
|
<
—
p—

B+0, AL
while A # ()
¢ < pick literal from A
o < UnitPropagation(F, {¢})
A= A\{/
- e 6 if 1 € ; E:}fen

B+ BU{/}

@ 8 0+ AL

9 return B
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Focusing on the BIG

/N
|
<
—
p—

B+—0, AL

while A % {
¢ < pick literal from A
o < UnitPropagation(F, {¢})
A+ A\{/}

20—

—~
( |
&
(Op] 15N w

—d

e 6 if | € 0 then
\ 7 B« BU{)
v “ 8 0+ @A/

9 return B
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Focusing on the BIG

/N
|
<
—
p—

B+ 0, A+ L
while A # ()
¢ < pick literal from A

20—

/N
|
~
w

4 o < UnitPropagation(F, {{})
5 A A\ {/}

@ @ 6 if | € o then
7 B+ BU{/}

; 8 R NN

9 return B

>4



Keep Assignment Big Backbone

e 1 B+0, AL
2 while A # ()
3 og+—B, A+
@ e 4 for / € A // next candidate
5 if -/ € ¢ continue
6 A+~ AuU{/}
@ e 7 if / € 0 continue
8 o' + UnitPropagation(F, o U {£})
9 if 1 € o’ then
6 10 B+ BU{~/}
11 A+ AUBU-B
12 o+ oUB
13 else o + o’

14 A~ A\A

15 return B

—a —=h ¢ —=d



Keep Assignment Big Backbone

O,

S

—d

1
2
3
<
5
6
7
8
9

10
11
12
13
14
15

B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B



Keep Assignment Big Backbone

1 B+0, AL
2 while A # ()
3 og+—B, A+
4 for / € A // next candidate
5 if -/ € ¢ continue
6 A+~ AuU{/}
7 if / € 0 continue
8 o' + UnitPropagation(F, o U {£})
9 if 1 € o’ then
. 10 B+ BU{~/}
11 A+ AUBU-B
12 o+ oUB
13 else o + o’

14 A~ A\A

15 return B
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B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B



Keep Assignment Big Backbone
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Q Je— o
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—d

1
2
3
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7
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13
14
15

B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B



Keep Assignment Big Backbone

&

Q Je— o

<

—d

1
2
3
<
5
6
7
8
9

10
11
12
13
14

B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’

A+ A\A

15 return B



Keep Assignment Big Backbone

O,

Q Je— o

<

>4

—d

1
2
3
<
5
6
7
8
9

10
11
12
13
14

B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’

A+ A\A

15 return B



Keep Assignment Big Backbone

e 1 B+0, AL
2 while A # ()
3 og+—B, A+
@ e 4 for / € A // next candidate
5 if -/ € ¢ continue
6 A+~ AuU{/}
@ e 7 if / € 0 continue
8 o' + UnitPropagation(F, o U {£})
9 if 1 € o’ then
6 10 B+ BU{~/}
11 A+ AUBU-B
12 o+ oUB
13 else o + o’

14 A~ A\A

15 return B
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B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B
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B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B
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B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B
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B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B
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B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B



Keep Assignment Big Backbone

—-b a

1 B+0, AL

2 while A # ()

3 og+—B, A+

4 for / € A // next candidate
5 if -/ € ¢ continue

6 A+~ AuU{/}

7 if / € 0 continue

8 o' + UnitPropagation(F, o U {£})
9 if 1 € o’ then

10 B+ BU{-/}

11 A+ AUBU-B

12 o+ oUB

13 else o + o’

14 A~ A\A

15 return B



Keep Assignment Big Backbone

(56) 1 B+0, AL
2 while A # ()
I 3 o+ B, A<+
(54 e 4 for / € A // next candidate
5 if -/ € 0 continue
T 6 A +— AU{/l}
» e 7 if / € 0 continue
8 o' + UnitPropagation(F, o U {£})
\ 9 if 1| € o’ then
i . 10 B+ BU{~/}
11 A+~ AUBU-B
12 o+ oUB
; 13 else o + ¢’
14 A~ A\A
15 return B
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B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B



Only Sound on 2-CNF

(maV bV —c)A(—aV-bVc)

A=a,b,...

Models

(maANbAC), (aN=bV =c),...
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B«0, AL
while A # ()
og— B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B



Only Sound on 2-CNF

(maV bV —c)A(=aV -bVc)

A=a,b,...

Models

(maANbAC), (aN=bV =c),...
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B«0, AL
while A # ()
og— B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B



Only Sound on 2-CNF

(=a V=0V -c)A(=aV =0V :c)

A=a,b,...

Models

(maANbAC), (aN=bV =c),...
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B«0, AL
while A # ()
og— B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B



Equivalent Literal Substitution
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O—G
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B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B
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B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B



DES vs BES
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B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B



DES vs BES

e 1 B+0, AL
2 while A # ()
l 3 o+ B, A<+
a e 4 for / € A // next candidate
5 if -/ € ¢ continue
6 A +— AU{/l}
@ @ 7 if / € 0 continue
8 o' + UnitPropagation(F, o U {£})
9 if 1 € o’ then
@ 10 B+ BU{~/}
11 A+ AUBU-B
12 o+ oUB
@ 13 else o + o’
14 A~ A\A

15 return B



DES vs BES

1 B+0, AL

2 while A # ()

3 og+—B, A+

4 for / € A // next candidate
5 if -/ € ¢ continue

6 A+~ AuU{/}

7 if / € 0 continue

8 o' + UnitPropagation(F, o U {£})
9 if 1 € o’ then

10 B+ BU{-/}

11 A+ AUBU-B

12 o+ oUB

13 else o + o’

14 A~ A\A

15 return B
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B«0, AL
while A # ()
og+—B, A+
for / € A // next candidate
if -/ € ¢ continue
A+~ AuU{/}
if / € 0 continue
o' + UnitPropagation(F, o U {£})
if 1 € o’ then
B+ BU{-/}
A+ AUBU-B
o+ ocUBb
else o + o’
A~ A\A

return B



DES vs BES

1 B+, AL
2 while A # ()
3 o+ B, A<+
(54 a 4 for / € A // next candidate
5 if -/ € ¢ continue
6 A +— AU{/l}
@ @ 7 if / € 0 continue
8 o' + UnitPropagation(F, o U {£})
9 if 1 € o’ then
. 10 B+ BU{~/}
11 A+ AUBU-B
12 o+ oUB
13 else o + o’

&

14 A+ A\A

15 return B



Unique Implication Point

e 1 B+0, AL

2 while A # ()
3 og+—B, A+

@ a 4 for / € A // next candidate
5 if -/ € ¢ continue
6 A+~ AuU{/}

@ @ 7 if / € 0 continue
8 o' + UnitPropagation(F, o U {£})
9 if 1 € o’ then

@ 10 B+ BU{-/}
11 A+ AUBU-B
12 o+ oUB

@ 13 else o + o’

14 A+~ A\A

15 return B



Unique Implication Point

e 1 B+0, AL
2 while A # ()
3 o+ B, A<+
a e 4 for / € A // next candidate
5 if -/ € ¢ continue
6 A +— AU{/l}
@ @ 7 if / € 0 continue
8 o' + UnitPropagation(F, o U {£})
9 if 1 € o’ then
@ 10 B+ BU{~/}
11 A+ AUBU-B
12 o+ oUB
13 else o + o’

14 A+ A\A

15 return B



Unique Implication Point

—-C

—a

1 B+0, AL

2 while A # ()

3 og+—B, A+

4 for / € A // next candidate
5 if -/ € ¢ continue

6 A+~ AuU{/}

7 if / € 0 continue

8 o' + UnitPropagation(F, o U {£})
9 if 1 € o’ then

10 B+ BU{-/}

11 A+ AUBU-B

12 o+ oUB

13 else o + o’

14 A~ A\A

15 return B



Unique Implication Point

1 B+, AL
2 while A # ()
3 o+ B, A<+
(54 a 4 for / € A // next candidate
5 if -/ € ¢ continue
6 A +— AU{/l}
@ @ 7 if / € 0 continue
8 o' + UnitPropagation(F, o U {£})
9 if 1 € o’ then
. 10 B+ BU{~/}
11 A+ AUBU-B
12 o+ oUB
13 else o + o’

&

14 A+ A\A

15 return B



Runtime comparison

backbone KB3

BES DES BES DES
Base 21 136 21 287 648 728
ELS 20 524 20 757 733
ELS+Roots 18 164 18 756 644 721
ELS+Roots+UIP 322

m Total time in seconds on 1798 instances

m ELS takes 51 seconds



Anytime advantage with KB3

SC2020-SC2022
1le7

— CadiBack+KB3 r

0.6 rf—‘——r

0.4

1.0

backbone literals

0.2

0.0

0 200 400 600 800 1000

time [s]



References

Biere, Armin; Fleury, Mathias; Heisinger, Maximilian; Fazekas,
Katalin (2020).

Entering the SAT Competition 2020.
page 4.

Bradley, Aaron R. (2012).
Understanding IC3.

In Cimatti, Alessandro and Sebastiani, Roberto, editor, Theory
and Applications of Satisfiability Testing — SAT 2012, Lecture
Notes in Computer Science, pages 1-14, Berlin, Heidelberg.
Springer.

Cabodji, G.; Camurati, P. E.; Mishchenko, A.; Palena, M.; Pasini,
P. (2017).

SAT Solver Management Strategies in IC3: An Experimental
Approach.

Formal Methods in System Design, 50:39-74.

Eén, Niklas and Sorensson, Niklas (2003).

Temporal Induction by Incremental SAT Solving.
Electronic Notes in Theoretical Computer Science, 89(4):543-560.

Eén, Niklas and Sorensson, Niklas (2004).
An Extensible SAT-Solver.

In Giunchiglia, Enrico and Tacchella, Armando, editor, Theory
and Applications of Satisfiability Testing, Lecture Notes in
Computer Science, pages 502-518, Berlin, Heidelberg. Springer.

Preiner, Mathias and Biere, Armin (2019).
Hardware Model Checking Competition 2019.
http://fmv.jku.at/hwmcc19/.

Fazekas, K., Biere, A., and Scholl, C. (2019).

Incremental Inprocessing in SAT Solving.

In Janota, M. and Lynce, 1., editors, Theory and Applications of
Satisfiability Testing — SAT 2019, Lecture Notes in Computer
Science, pages 136-154, Cham. Springer International Publishing.

Froleyks, N. and Biere, A. (2021).
Sg?l’gle Clause Assumption without Activation Literals to Speed-up
IC3.

In 2021 Formal Methods in Computer Aided Design (FMCAD), pages
72-76.

[Knuth15] Knuth, Donald E. (2015). The Art of Computer Programming, Vol. 4, Pre-Fascicle 6A: Satisfiability.
Draft of §7.2.2.2, 23 September 2015, p. 81, Eq. (131). https://www-cs.stanford.edu/~knuth/fasc6a.ps.gz



1V 213)

—x1 V 2o V X14)
T3V T15)

x4V T16)

—x5 V o3 V Xg)
—x5 V D7)

—xg V x7 V I3)
—x4 V g V Xg)
—x1 V g V —x10)
gV 11 V "T14)
10V x11 V T12)

(
(
(
(
(
(
(
(
(
(
(
(

) V X111 V —|x12>



V oo V X14)
x3 V T15)
x4V T16)
—x5 V o3 V Xg)

—x5 V D7)

—x4 V g V Xg)
V xg V x10)

Tg V x11 V TT14)

T10 V 711 V T12)

(
(
(
(
(
(mxg V 7 V 8)
(
(
(
(
(

) V X111 V —|3312>

@1



<
<
8

&

@1

T
oK
< 8
1 5
EQ\_/
w
<
8
.

@2

V X111 V —151312)



T3V T15)

x4V T16)

—x5 V o3 V Xg)

—x5 V D7)

—xg V x7 V T3)

—x4 V g V Xg)
V xg V 7x10)

Tg V 11 V )

T10 V "T11 V T12)

(
(
(
(
(
(
(
(
(
(

V X111 V —151312)

Q@

O\



$9V£C11\/ )

V X111 V —151312)



L9 V 11 vV )
19 V "x11 V X12)

V X111 V —13312)

®
L/
D

Q

©
)

Q

©



V V xg)
V )
—xg V x7 V I3)
V —xg V —xg)
V xg V x19)
Tog V x11 V )
Ti0 V "T11 V T12)

(
(
(
(
(
(
(
(

V X111 V —13312)

®
L/
D

Q

©
)

Q

©

©






I V L9 V $14>
S \/$15>
Iy \/$16>

X5 V X3 V ,I’(;)

Ly V X8 V _1569)
—r1 V L9 V —13310)
X9 ViV _13;14)

T10 V w11 V T12)

(
(
(
(
(
(
(—ze V x7 V 23)
(
(
(
(
(

T V —T11 V —12812)

@5



1V 213)
—x1 V 2Tg V X14)
x3 V T15)
x4V T16)
—x5 V 3 V Xg)

Ty V _|587)

—xy V oxg V _1569)
—r1 V L9 V —13310)
X9 ViV _II14)

T10 V w11 V T12)

(
(
(
(
(
(
(mxg V 7 V 8)
(
(
(
(
(

T V —T11 V —12812)

@5



1V 213)
—x1 V 2xg V X14)
x3 V T15)
x4V T16)
—x5 V 3 V Xg)

—x5 V D7)

Ty V I8 V ﬁ32‘9)
I V L9 V —13310)
Tog VX1l V _II14)

T10 V w11 V T12)

(
(
(
(
(
(
(mxg V 7 V 8)
(
(
(
(
(

T V —T11 V —13312)




1V 213)
—x1 V 2xg V X14)
x3 V T15)
x4V T16)
—x5 V 3 V Xg)

—x5 V D7)

Ty V I8 V ﬁ33‘9)
I V L9 V _lxl())
I9 V 11 V _II14)

r10 V T11 V T12)

(
(
(
(
(
(
(mxg V 7 V 8)
(
(
(
(
(

T V —T11 V —13312)




1V 213)
—x1 V 2xg V X14)
x3 V T15)
x4V T16)
—x5 V 3 V Xg)

—x5 V D7)

Ty V I8 V ﬁ33‘9)
I V L9 V _lxl())
I9 V 11 \V4 _15614)

T10 V 2211 V T12)

(
(
(
(
(
(
(mxg V 7 V 8)
(
(
(
(
(

T V —T11 V _13312)

JERN

@2

@5

\

@2

~

@5



x1 V 213)
—x1 V 2xg V X14)
x3 V T15)
x4V T16)
—x5 V 3 V Xg)

—x5 V D7)

Ty V I8 V ﬁ5139)
I V L9 V _@'10)
I9 V 11 V _15614>

T10 V "T11 V T12)

(
(
(
(
(
(
(mxg V 7 V 8)
(
(
(
(
(

) V —T11 V _11'12)

JERN

@2

@5

\

@2

~

@5

@b @b



x1 V 213)
—x1 V 2xg V X14)
x3 V T15)
x4V T16)
—x5 V 3 V Xg)

—x5 V D7)

Ly V L8 V ﬁ5139)
—xr V X9 V _lxlo)
I9 V 11 V _15614>

10V x11 V T12)

(
(
(
(
(
(
(mxg V 7 V 8)
(
(
(
(
(

—To V x11 V —11’12) = 1




1V 213)
—x1 V 2Tg V X14)
x3 V T15)
x4V T16)
—x5 V 3 V Xg)

—x5 V D7)

Ly V X8 V ﬁ239)
—xr V X9 V _'.I'lo)
9 ie) V I11 V ﬁ5614)

I \/ﬁxn \/xlg)

(
(
(
(
(
(
(mxg V 7 V 8)
(
(
(
(
(

—To V x11 V —15612) = 1

PV

@
\
@2 @2

@5

O
o

\ 6
@5

Q@5
L9 V L9 V —L14 V -1

}\
Ppe




1V 213)
—x1 V 2Tg V X14)
T3 V Z15)
x4V T16)
—x5 V 3 V Xg)

—x5 V D7)

Ly V X8 V ﬁ239)
—xr V X9 V _'.I'lo)
9 ie) V I11 V ﬁ5614)

I \/ﬁxn \/xlg)

—To V x11 V —15612) = 1

(
(
(
(
(
(
(mxg V 7 V 8)
(
(
(
(
(
(

L9 V L9 V —X14 V ﬁ.CCl)

PV

@
\
@2 @2

@5

O
o

\ 6
@5

@5
L9 V L9 V —L14 V -1

}\
Ppe




T3V T15)

x4V T16)

—x5 V o3 V Xg)
—x5 V D7)

—xg V x7 V I3)

V xg V x10)
Tg V 211 V )
Ti0 V "T11 V T12)

V oxq1 V xg)

(
(
(
(
(
(mxy V —xg V —g)
(
(
(
(
(

V g V Y,



—x1 V 2xg V X14)
T3V T15)
x4V T16)
—x5 V o3 V Xg)

—x5 V D7)

g V xg V 2g)
I V 339 _1,1’10>
gV 11 V "T14)
T10 V ~x11 V 212)
—o V 1z V Z2)

(
(
(
(
(
(
(mze V7 V 238)
(
(
(
(
(
(

L9 \/”Eg _1,1’14V_|;U1)

@2



—x1 V 2xg V X14)
T3V Z15)
x4V T16)
—x5 V sV Xg)

—x5 V D7)

g V xg V 2g)
I V 339 _ll’l()>
gV 11 V "T14)
T10 V ~x11 V 212)
—o V 1z V Z2)

(
(
(
(
(
(
(mze V7 V 238)
(
(
(
(
(
(

L9 V L9 V —X14 V _|£Ll>

@2



1V 213)
—x1 V 2xg V X14)
T3V Z15)
x4V T16)
—x5 V sV Xg)

—x5 V D7)

Ly V X8 V _|QZ‘9)
I V L9 V _1,1’10)
I9 V 11 \V4 _II14)
T10 V w11 V T12)
T V —T11 V —12812)

(
(
(
(
(
(
(mze V7 V 238)
(
(
(
(
(
(

L9 V L9 V —X14 V _|£C1>

©

©

©

©

ONO
6/

//@
[\

@2



x1 V 213)
—x1 V 2xg V X14)
T3V Z15)
x4V T16)
—x5 V sV Xg)

—x5 V D7)

Ty V I8 V ﬁ32‘9)
I V L9 V _1,1’10)
I9 V 11 \V4 _II14)
T10 V 7x11 V T12)
) V —T11 V —13312)

(
(
(
(
(
(
(mze V7 V 13)
(
(
(
(
(
(

L9 V L9 V —X14 V _|.CU1>

©

©

©

©

//;O/HO

|
o

@2

e

/

©
=



x1 V 213)
—x1 V 2xg V X14)
T3V Z15)
x4V T16)
—x5 V 23 V Tg)

—r —la’}7)

Ty V I8 V ﬁ33‘9)
I V L9 V _lxl())
I9 V 11 \V4 _II14)
T10 V 7x11 V T12)
) V —T11 V _13312)

(
(
(
(
(
(
(—uxf,- Va7V rg)
(
(
(
(
(
(

L9 V L9 V —X14 V _|£Ifl>

©

©

©

©

//;O/HO

|
o

/

@4



1V 213)
—x1 V 2Tg V X14)
T3 V Z15)
x4V T16)
—x5 V 3 V Xg)

—r —la’}7)

Ty V I8 V ﬁ33‘9)
I V L9 V _lxl())

9 ie) V I11 \V4 _II14)
T10 V 7x11 V T12)
T V —T11 V —13312)

(
(
(
(
(
(
(ﬁxg Va7V rg)
(
(
(
(
(
(

L9 V L9 V —X14 V _|£Ifl>




1V 213)
—x1 V 2Tg V X14)
T3 V Z15)
x4V T16)
—x5 V 3 V Xg)

—x5 V D7)

Ty V I8 V ﬁ33‘9)
I V L9 V _lxl())

9 ie) V I11 \V4 _15614)
T10 V 7x11 V T12)
T V —T11 V _13312)

(
(
(
(
(
(
(—ze V x7 V 238)
(
(
(
(
(
(

L9 V L9 V —X14 V _15171>




1V 213)
—x1 V 2Tg V X14)
T3 V Z15)
x4V T16)
—x5 V 3 V Xg)

—x5 V D7)

Ty V I8 V ﬁ5139)
I V L9 V _@'10)
9 ie) V I11 V _15614>

T10 V "T11 V T12)

T V —T11 V _13312)

(
(
(
(
(
(
(—zg Vr Vag)l= L
(
(
(
(
(
(

L9 V L9 V —X14 V _15171>




I \/xlg)

1 V L9 V $14)
@1

I3 \/I15) \

—x5 V D7)

o ()—C)
) xG) Q

Ly V 8 V ﬁ5139) @3

—xr V X9 V _'1’10)

1‘9\/1’11 \/_IZU14>
Z10 V 7T11 V 9012) @4 \
T V —T11 V _leg)

T2 V L9 V —X14 V ﬁ.CCl>

(
(
(
(
(
(
(—zeg Vr Vag)|= L ‘
< $
(
(
(
(
(

I8 V —I5 V X3




|

I8 V —I5 V X3




]

©

©

©

©

i

/

©
=

@2

e



]

JERN
)=
\

@2 @2

D0

@3

o]/

@4




|

JERN
)=
\

@2 @2

D0

@3

o]/

@4




|

JERN
)=
\

@2 @2

@3

O

@4

D0




|

@\ -
NN

@2 @2

D——0 -
@2

@3

G A |

@4




I V xlg)
-1 V L9 V 114) e
@1
T3V T15) \
Q7
o ()=
X5 V X3 V .I'G) K

@2 @2

1
8 8
o ot
< <
8
R
<
8

z

D——0 -
@2

(
(
(
(
(
(
(
(mxy V —xg V —g) -
(
(
(
(
(
(

L1 V L9 V _lxlo) @

To V 211V "T14) v
T10 V "T11 V T12) o \ /
—To V x11 V _13312) /g5

@4




|

@2 @2

(=)
\




|

(@lrd
— l
(@lrg
5

@8



|

@2 @2

(=)
\




|

@2 @2

(=)
\




|

(@lrd
— l
(@lrd
5

@4
@8 @9 @10 SAT



